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Abstract
This paper continues our previous study of similar theories in [1]. We also consider here the N = 1
SQCD-like theories with SU(Nc) colors (and their Seiberg’s dual with SU(NF −Nc) dual colors) and NF
flavors of light quarks, and with N2F additional colorless flavored fields Φ
j
i , but now with NF in the range
2Nc < NF < 3Nc. The multiplicities of various vacua and quark and gluino condensates in these vacua
are found.
The mass spectra of the direct and Seiberg’s dual theories in various vacua are calculated within the
dynamical scenario which assumes that quarks in such N = 1 SQCD-like theories can be in two standard
phases only. These are either the HQ (heavy quark) phase where they are confined or the Higgs phase.
The word standard implies here also that, in such N = 1 theories without elementary colored adjoint
scalars, no additional parametrically light solitons (e.g. magnetic monopoles or dyons) are formed at those
scales where quarks decouple as heavy or are higgsed. Recall that this scenario satisfies all those tests
which were used as checks of the Seiberg hypothesis about the equivalence of the direct and dual theories.
The mass spectra of these direct and Seiberg’s dual theories calculated within this framework were
found to be different, in general. These parametrical differences of mass spectra of direct and dual theories
show, in particular, that all those tests, which were used as checks of the Seiberg hypothesis about the
equivalence of the direct and dual theories, although necessary, may well be insufficient.
Besides, the mass spectrum of the dual theory with SU(NF − Nc) colors and Nc + 1 < NF < 3Nc/2
dual quark flavors was calculated.
And finally, considered is the direct N = 2 SQCD with SU(Nc) colors and Nc + 1 < NF < 3Nc/2
flavors of light quarks with the mass term mTr(QQ) in the superpotential. N = 2 SUSY is softly broken
down to N = 1 by the mass term µxTr(X2) of the colored adjoint scalar field X , m≪ µx ≪ Λ2. The mass
spectrum of this theory is calculated in vacua with the unbroken non-trivial discrete Z2Nc−NF≥2 symmetry,
and compared with those in two different Seiberg’s dual theories. In addition, we compare our results for
this theory with those in two related papers arXiv:1304.0822, arXiv:1403.6086 of M.Shifman and A.Yung,
and present the extensive criticism of these papers.
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1 Introduction
This article continues [1]. We calculate below in sections 3 - 7 the mass spectra in N = 1 SQCD - like
theories which include, in addition to standard quarks and gluons, also N2F colorless fion fields Φ
j
i with the
2
large mass parameter µΦ ≫ ΛQ in the superpotential. The Lagrangian of the direct Φ-theory at the scale
µ = ΛQ is taken in the form, see [1, 2]
1
K = Tr
(
Φ†Φ
)
+ Tr
(
Q†Q + (Q→ Q)
)
, W = − 2pi
α(µ = ΛQ)
S +Wmatter , Wmatter =WΦ +WQ ,
WΦ = µΦ
2
[
Tr (Φ2)− 1
N c
(
TrΦ
)2]
, WQ = TrQ(mQ − Φ)Q , N c ≡ NF −Nc . (1.1)
Here : the gauge group is SU(Nc), µΦ and mQ are the mass parameters, S = −WAβ WA, β/32pi2, where
WAβ is the gauge field strength, A = 1...N
2
c − 1, β = 1, 2, a(µ) = Ncα(µ)/2pi = Ncg2(µ)/8pi2 is the gauge
coupling with its scale factor ΛQ.
Besides, in addition to the direct Φ - theory in (1.1), we calculate also the mass spectra in Seiberg’s
dual variant [3, 4]. The Lagrangian of the dual dΦ-theory at the scale µ = ΛQ looks as
K = Tr (Φ†Φ) + Tr
(
q†q + (q → q)
)
+ Tr
(M †M
Λ2Q
)
, W = − 2pi
α(µ = ΛQ)
S˜ +WΦ +Wq ,
Wq = TrM(mQ − Φ)− 1
ΛQ
Tr
(
qMq
)
. (1.2)
Here : the number of dual colors is N c = (NF −Nc) and M ij → (QjQi) are the N2F elementary mion fields,
a(µ) = N cα(µ)/2pi = N cg
2(µ)/8pi2 is the dual gauge coupling (with its scale parameter Λq = ΛQ), S˜ =
−W˜Bβ W˜B, β/32pi2, W˜Bβ is the dual gluon field strength, B = 1...N
2
c − 1. The gluino condensates of the
direct and dual theories are matched as well as 〈M ij〉 and 〈QjQi〉 ≡
∑Nc
a=1〈Q
a
j Q
i
a〉,
〈− S˜〉 = 〈S〉 , 〈M ij〉 ≡ 〈M ij(µ = ΛQ)〉 = δij〈Mi〉 = 〈QjQi〉 ≡ 〈QjQi(µ = ΛQ)〉 = δij〈(QQ)i〉. (1.3)
In sections 2-7 the hierarchies of parameters entering (1.1),(1.2) are mQ ≪ ΛQ ≪ µΦ, µΦ is varied
while mQ and ΛQ stay intact.
In those cases when the fields Φ are too heavy and dynamically irrelevant, they can be integrated out
and the Lagrangian of the dual theory takes the form
K = Tr
(
q†q + (q → q)
)
+ Tr
M †M
Λ2Q
, (1.4)
Wmatter =WM − 1
ΛQ
Tr
(
qMq
)
, WM = mQTrM− 1
2µΦ
[
Tr (M2)− 1
Nc
(TrM)2
]
.
The mass spectra of the direct and dual theories will be calculated below within the dynamical scenario
introduced in [5]. Recall that this scenario assumes that, when such N = 1 SQCD-like theories are in
the strong coupling regime a(µ) & 1, the quarks can be in two standard phases only. - These are either
the HQ (heavy quark) phase where they are confined or the Higgs phase where (some components of)
〈Q〉 = 〈Q〉 6= 0. The word standard also implies here that, unlike e.g. the very special N = 2 SQCD
1 The gluon exponents are always implied in the Kahler terms. Besides, here and everywhere below in the text we neglect
for simplicity all RG-evolution effects if they are logarithmic only.
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theories with colored adjoint scalar superfields, no additional parametrically lighter particles (like magnetic
monopoles or dyons) appear in these N = 1 SQCD-like theories without colored adjoint scalars at those
scales when quarks are either higgsed or decouple as heavy. 2
The mass spectra were calculated before in [5] within this scenario in the standard N = 1 SQCD and
its dual variant (i.e. both without the additional fion fields Φ in (1.1) and (1.2)), and in [1] for the direct
and dual Φ - theories (1.1),(1.2) in the case 3Nc/2 < NF < 2Nc. The purpose of this paper is to extent the
results [1] to the region 2Nc < NF < 3Nc. This is the content of sections 2 - 6. As will be shown therein,
many properties of both direct Φ-theories and dual dΦ-theories at 2Nc < NF < 3Nc, i.e. multiplicities of
vacua and mass spectra differ, in general, from those calculated in [1] at 3Nc/2 < NF < 2Nc.
Besides, we calculate in section 7 the mass spectrum of the dual dΦ-theory (1.2) for the case Nc+ 1 <
NF < 3Nc/2. This is of interest by itself, but is also useful for the next section 8.
In this last section 8 we consider N = 2 SQCD with SU(Nc) colors, with the scale factor Λ2 of the
gauge coupling, and with Nc + 1 < NF < 3Nc/2 flavors of original electric quarks Q
i, Qj with the mass
term mTrQQ in the superpotential. N = 2 is broken down to N = 1 by the mass term µxTr (X2) of the
colored adjoint scalar superfield X . The considered hierarchies of parameters look as: m≪ µx ≪ Λ2. The
purpose here was to calculate the mass spectra of this theory and its various Seiberg’s dual variants in
vacua with the non-trivial unbroken Z2Nc−NF≥2 symmetry at scales µ < µx. Besides, we discuss in section
8.3 the transition from µx ≪ Λ2 to µx ≫ Λ2.
Recall now that, as was argued in detail in section 7 of [25], outside the conformal window 3Nc/2 <
NF < 3Nc, the standard UV free direct theory (1.1) (i.e. without fields Φ) with Nc < NF < 3Nc/2 and
mQ ≪ ΛQ enters smoothly at scales µ < ΛQ into the strongly coupled effectively massless perturbative
regime with the gauge coupling a(µ≪ ΛQ) ∼ (ΛQ/µ) νQ> 0 ≫ 1. In short, the arguments were as follows.
I) It was proposed by Seiberg in [3] that the standard direct (electric) N = 1 SU(Nc) SQCD (i.e. (1.1)
without fields Φ) at Nc + 1 < NF < 3Nc/2 and with mQ = 0 is in the ”confinement without spontaneous
chiral symmetry breaking” (and without R-symmetry breaking) regime ( 〈QjQi〉 = 〈S〉 = 〈q jqi〉 = 〈M ij〉 =
0 ). And the standard massless dual (magnetic) SU(NF − Nc) theory (1.2) (i.e. without fields Φ) was
proposed as its low energy form at scales µ < ΛQ. This implies: a) the confinement of all original electric
quarks and gluons with the string tension
√
σ ∼ ΛQ (with ΛQ the only dimensional parameter), b) all
colorless hadrons made from electric quarks and gluons have masses ∼ ΛQ, c) the formation of solitonic IR
free SU(NF −Nc) theory with massless at mQ = 0 magnetic quarks and gluons (and M ij fields). Besides,
both direct and dual theories are considered in [3] as nonsingular nontrivial interacting theories at mQ = 0.
As is well known, the Seiberg duality passed a number non-trivial checks (mainly, the ’t Hooft triangles
and the behavior in the conformal regime) but up to now, unfortunately, no proof has been given that
the direct and dual theories are (or are not) equivalent. The reason is that such a proof needs real
understanding of and the control over the dynamics of both theories. Therefore, in the framework of
gauge theories, the Seiberg proposal remains a hypothesis up to now. We quote here three papers only.
1) [6] (with N.Seiberg among the authors): ”By now many examples of such dualities have been found,
and a lot of evidence has been collected for their validity. However, there is still no general understanding
of the origin of these dualities, nor a prescription to find the dual for a given gauge theory”. 2) [7]: ”The
most established example of such a duality is the Seiberg duality in N = 1 SQCD... The validity of this
duality is still a conjecture but it have anyway remarkably passed numerous checks...”. 3) [8]: ”All of
these dualities do not have any rigorous derivation so far, but they pass many consistency checks...”.
As for the string theory, we quote here two papers. 4) The review [9] : ”Specifically, we have seen using
2 In those cases when the coupling is logarithmically small this scenario is literally standard. Besides, it is worth noting
that the appearance of additional parametrically light composite solitons will influence the ’t Hooft triangles.
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branes that the quantum moduli spaces of vacua and quantum chiral rings of the electric and magnetic
SQCD theories coincide. This leaves open the question whether Seiberg’s duality extends to an equivalence
of the full infrared theory, since in general the chiral ring does not fully specify the infrared conformal field
theory. It is believed that in gauge theory the answer is yes, and to prove it in brane theory will require an
understanding of the smoothness of the transition when fivebranes cross. It is important to emphasize that
the question cannot be addressed using any currently available tools”. 5) The most detailed discussion
of implicit dynamical assumptions and weak points in attempts to derive Seiberg’s duality with a help of
moving branes has been given in [10], whose authors discussed their results with N.Seiberg. In addition
to arguments similar to [9], the authors [10] emphasize that, within the approach with moving branes, no
reasons are seen for the equivalence of the direct and dual N = 1 theories outside the conformal window.
III) As was argued in details in section 7 of [25], the problem with the Seiberg’s scenario from I) is that
it is impossible to write at the scale µ ∼ ΛQ the effective Lagrangian of massive hadrons with masses ∼ ΛQ
(made of confined electric quarks and gluons), which will be nonsingular at mQ = 0 and preserving both
the R-symmetry and chiral symmetry SU(NF )L × SU(NF )R . (Recall that these arguments in [25] about
the effective hadron Lagrangian at the scale ∼ ΛQ did not use any assumptions about possible dynamical
scenarios).
The variant with possibly massive (confined or not) electric quarks with dynamically induced masses
∼ ΛQ has the same problems as those for hadrons. The nonsingular dynamically induced quark mass term
in the superpotential at the scale µ = ΛQ will look then as δW ∼
∑NF
i,j=1〈φji 〉QjQi, 〈φji 〉 ∼ δjiΛQ, with
some composite field φji . But, in any case, this 〈φji 〉 ∼ δjiΛQ will break spontaneously the exact chiral
symmetry SU(NF )L × SU(NF )R of the mQ = 0 theory. Besides, with the unbroken R-symmetry, this
(solitonic colorless or colorful) field φ has the positive R-charge, Rφ = 2Nc/NF . But, first, 〈φji 〉 ∼ δjiΛQ
will break spontaneously also the R-symmetry of the mQ ≪ ΛQ theory, while R-symmetry is considered
in [3] as unbroken in both direct and dual theories. And second, the unbroken at mQ ≪ ΛQ R-symmetry
requires that any chiral (elementary or composite) superfield Ψ with the R-charge r > 0 behaves as
〈Ψ(µ = ΛQ)〉 ∼ (mQ)rNF /2Nc → 0 at mQ → 0, and this forbids 〈φji 〉 ∼ δjiΛQ .
Besides, as was shown in section 7 of [25] and section 7 of [5], at Nc+1 < NF < 3Nc/2 another scenario
(which is the only possibility in the conformal window 3Nc/2 < NF < 3Nc) also does not lead the same
mass spectra of the direct and dual theories. In this scenario, according to reasonings given above, the
direct theory with mQ ≪ ΛQ enters smoothly at µ < ΛQ into the strongly coupled effectively massless
perturbative regime with a(µ ≪ ΛQ) ∼ (ΛQ/µ) νQ> 0 ≫ 1. The IR free massless Seiberg’s dual theory is
considered as independent theory which presumably becomes equivalent to the direct one at µ < ΛQ. As
was shown in [25, 5] the mass spectra of the direct and dual theories are not equivalent in this case.
We also compare our results in section 8 with those essentially different results of M.Shifman and
A.Yung from related papers [11, 12]. This comparison also contains the detailed critique of results from
[11, 12].
2 Quark condensates and multiplicity of vacua at NF > 2Nc
For the reader convenience, we reproduce here first some useful formulas for the theories (1.1),(1.2),
see section 3 in [2] or section 4 in [1].
The Konishi anomalies [13] for the i-th flavor look in the Φ-theory (1.1) as
〈Φji 〉〈
∂WΦ
∂Φji
〉 = 0 , 〈mtotQ,i〉〈(QQ)i〉 = 〈S〉 , 〈Φji 〉 = δji 〈Φi〉, 〈mtotQ, i〉 = mQ − 〈Φi〉 ,
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〈Φij〉 =
1
µΦ
(
〈QjQi〉 − δij
1
Nc
Tr 〈QQ〉
)
, 〈QjQi〉 ≡
Nc∑
a=1
〈Q aj Qia〉 = δij〈(QQ)i〉 , i = 1 ... NF , (2.1)
and 〈mtotQ,i〉 is the value of the quark running mass at the scale µ = ΛQ.
At all scales until the field Φ remains too heavy and non-dynamical, i.e. until its perturbative running
mass µpertΦ (µ) > µ, it can be integrated out and the superpotential takes the form
WQ = mQTr(QQ)− 1
2µΦ
(∑
i,j
(QjQ
i)(QiQ
j)− 1
Nc
(
TrQQ
)2)
. (2.2)
The values of the quark condensates for the i-th flavor, 〈QiQi〉, in various vacua can be obtained from
the effective superpotential W efftot(Π) depending only on quark bilinears Π
i
j = (QjQ
i) [2, 1]. ( It is worth
recalling that this is not a genuine low energy superpotential, (2.3) can be used only for finding the values
of vacuum condensates, see [1, 2]. The genuine low energy superpotentials in each vacuum are given below
in the text ).
W efftot(Π) = WQ −N cS , S =
(detQQ
ΛboQ
)1/Nc ≡ Λ3YM , bo = 3Nc −NF , N c = NF −Nc . (2.3)
For the vacua with the spontaneously broken flavor symmetry, U(NF ) → U(n1) × U(n2), 1 ≤ n1 ≤
NF/2, n2 ≥ NF/2, the most convenient way to find the quark condensates is to use [2, 1]
〈(QQ)1 + (QQ)2 − 1
Nc
Tr (QQ) 〉br = mQµΦ, 〈S〉br =
(det〈QQ〉br
ΛboQ
)1/Nc
=
〈(QQ)1〉br〈(QQ)2〉br
µΦ
,
det〈QQ〉br = 〈(QQ)1〉n1br 〈(QQ)2〉n2br , (QQ)1 ≡
Nc∑
a=1
Q
a
1Q
1
a , (QQ)2 ≡
Nc∑
a=1
Q
a
2Q
2
a , (2.4)
〈mtotQ,1〉br = mQ − 〈Φ1〉br =
〈(QQ)2〉br
µΦ
, 〈mtotQ,2〉br = mQ − 〈Φ2〉br =
〈(QQ)1〉br
µΦ
.
The Konishi anomalies for the i-th flavor look in the dual dΦ-theory (1.2) as
〈Mi〉〈q iqi〉 = ΛQ〈S〉 , 〈q
iqi〉
ΛQ
= 〈mtotQ,i〉 = mQ −
1
µΦ
〈Mi − 1
Nc
TrM〉 , i = 1 ... NF . (2.5)
In vacua with the broken flavor symmetry these can be rewritten as (remind that 〈M ij〉 = δij〈Mi〉,
〈M1〉 = 〈(QQ)1〉, 〈M2〉 = 〈(QQ)2〉)
〈M1 +M2 − 1
Nc
TrM〉br = mQµΦ, 〈S〉br =
(det〈M〉br
ΛboQ
)1/Nc
=
1
µΦ
〈M1〉br〈M2〉br ,
〈(qq)1〉br
ΛQ
=
〈S〉br
〈M1〉br =
〈M2〉br
µΦ
= 〈mtotQ,1〉br,
〈(qq)2〉br
ΛQ
=
〈S〉br
〈M2〉br =
〈M1〉br
µΦ
= 〈mtotQ,2〉br , (2.6)
〈(qq)2〉br
〈(qq)1〉br =
〈(QQ)1〉br
〈(QQ)2〉br
, (qq)1 ≡
Nc∑
b=1
q 1b q
b
1 , (qq)2 ≡
Nc∑
b=1
q 2b q
b
2 , N c ≡ NF −Nc .
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2.1 Vacua with the unbroken flavor symmetry
One obtains from (2.3) at µΦ ≶ µΦ,o and with 〈QjQi〉 = δij〈QQ〉 , 〈QQ〉 =
∑Nc
a=1Q
a
1Q
1
a . -
a) There are only N c = (NF −Nc) nearly classical S - vacua at µΦ ≪ µΦ,o with 3
〈QQ〉S ≡ 〈QQ(µ = ΛQ)〉S ≈ −Nc
N c
mQµΦ , µΦ,o = ΛQ
(mQ
ΛQ
)NF−2Nc
Nc ≪ ΛQ , (2.7)
〈Λ(S)YM〉3 ≡ 〈S〉S =
(det〈QQ〉S
ΛboQ
)1/Nc ∼ Λ3Q(mµΦΛ2Q
)NF /Nc
.
b) There are (NF − 2Nc) quantum L - vacua at µΦ ≫ µΦ,o with
〈QQ〉L ≡ 〈QQ(µ = ΛQ)〉L ∼ Λ2Q
(
µΦ
ΛQ
) Nc
NF−2Nc
, (2.8)
〈Λ(L)YM〉3 ≡ 〈S〉L =
(det〈QQ〉L
ΛboQ
)1/Nc ∼ Λ3Q(µΦΛQ
) NF
NF−2Nc .
c) There are Nc quantum QCD vacua at µΦ ≫ µΦ,o with
〈QQ〉QCD = 〈QQ(µ = ΛQ)〉QCD ≈ 〈S〉QCD ≡ 〈Λ
(QCD)
YM 〉3
mQ
≈ 1
mQ
(
ΛboQm
NF
Q
)1/Nc
. (2.9)
The total number of vacua with the unbroken flavor symmetry is
N totunbr = (NF − 2Nc) +Nc = N c . (2.10)
2.2 Vacua with the broken flavor symmetry, U(NF )→ U(n1)× U(n2)
a) There are (n1 −Nc)C n1NF br1 -vacua 4 at Nc < n1 ≤ [NF/2] and µΦ ≪ µΦ,o with
〈(QQ)1〉br1 ≈ Nc
Nc − n1mQµΦ, 〈(QQ)2〉br1 ∼ Λ
2
Q
(µΦ
ΛQ
) n1
n1−Nc
(ΛQ
mQ
)n2−Nc
n1−Nc , (2.11)
〈S〉br1 = 〈(QQ)1〉br1〈(QQ)2〉br1
µΦ
∼ Λ3Q
(µΦ
ΛQ
) n1
n1−Nc
(ΛQ
mQ
) n2−n1
n1−Nc ,
〈(QQ)2〉br1
〈(QQ)1〉br1
∼
( µΦ
µΦ,o
) Nc
n1−Nc ≪ 1 .
b) There are at µΦ ≪ µΦ,o (n2 −Nc)C n1NF br2-vacua at all values 1 ≤ n1 ≤ [NF/2] with
〈(QQ)2〉br2 ≈ Nc
Nc − n2mQµΦ , 〈(QQ)1〉br2 ∼ Λ
2
Q
(µΦ
ΛQ
) n2
n2−Nc
(mQ
ΛQ
)Nc−n1
n2−Nc , (2.12)
3 Here and everywhere below : A ≈ B has to be understood as an equality neglecting smaller power corrections, and
A≪ B has to be understood as |A| ≪ |B|.
4 C
n1
NF differ from the standard C
n1
NF
= NF !/[n1!n2!] only for C
n1=k
NF=2k = C
n1=k
NF=2k
/2.
Besides, by convention, we ignore the continuous multiplicity of vacua due to the spontaneous flavor symmetry breaking.
Another way, one can separate slightly all quark masses, so that all Nambu-Goldstone particles will acquire small masses
O(δmQ)≪ mQ.
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〈Λ(br2)YM 〉3 ≡ 〈S〉br2 ∼ Λ3Q
(µΦ
ΛQ
) n2
n2−Nc
(mQ
ΛQ
) n2−n1
n2−Nc ,
〈(QQ)1〉br2
〈(QQ)2〉br2
∼
( µΦ
µΦ,o
) Nc
n2−Nc ≪ 1 .
On the whole, there are ( θ(z) is the step function)
N totbr (n1) =
[
(n2 −Nc) + θ(n1 −Nc)(n1 −Nc)
]
C
n1
NF
, N totbr =
[NF /2]∑
n1=1
N totbr (n1) , n1 + n2 = NF (2.13)
vacua with the broken flavor symmetry at µΦ ≪ µΦ,o.
c) There are (Nc − n1)C n1NF br1 -vacua at 1 ≤ n1 < Nc and µΦ ≫ µΦ,o with
〈(QQ)1〉br1 ≈ Nc
Nc − n1mQµΦ, 〈(QQ)2〉br1 ∼ Λ
2
Q
(ΛQ
µΦ
) n1
Nc−n1
(mQ
ΛQ
)n2−Nc
Nc−n1 , (2.14)
〈Λ(br1)YM 〉3 ≡ 〈S〉br1 ∼ Λ3Q
(ΛQ
µΦ
) n1
Nc−n1
(mQ
ΛQ
) n2−n1
Nc−n1 ,
〈(QQ)2〉br1
〈(QQ)1〉br1
∼
(µΦ,o
µΦ
) Nc
Nc−n1 ≪ 1 .
d) There are (NF − 2Nc)C n1NF Lt (i.e. L - type) vacua at n1 6= Nc and µΦ ≫ µΦ,o with
(1− n1
Nc
)〈(QQ)1〉Lt ≈ −(1− n2
Nc
)〈(QQ)2〉Lt ∼ Λ2Q
(
µΦ
ΛQ
) Nc
NF−2Nc
, (2.15)
i.e. as in the L - vacua in (2.8) but 〈(QQ)1〉Lt 6= 〈(QQ)2〉Lt here.
e) There are (NF − 2Nc)C n1NF special vacua at n1 = Nc and µΦ ≫ µΦ,o with
〈(QQ)2〉spec = Nc
2Nc −NFmQµΦ , 〈(QQ)1〉spec = Λ
2
Q
(µΦ
ΛQ
) Nc
NF−2Nc , (2.16)
〈Λ(spec)YM 〉3 ≡ 〈S〉spec ∼ mΛ2Q
(µΦ
ΛQ
) Nc
NF−2Nc ,
〈(QQ)2〉spec
〈(QQ)1〉spec
∼
(µΦ,o
µΦ
) Nc
NF−2Nc ≪ 1 .
As one can see from the above, similarly to [1] with Nc < NF < 2Nc, all quark condensates become
parametrically the same at µΦ ∼ µΦ,o, see (2.7). Clearly, just this region µΦ ∼ µΦ,o and not µΦ ∼ ΛQ
is very special and most of the quark condensates change their parametric behavior and hierarchies at
µΦ ≶ µΦ,o. For example, the br1 - vacua with 1 ≤ n1 < Nc , 〈(QQ)1〉 ∼ mQµΦ ≫ 〈(QQ)2〉 at µΦ ≫ µΦ,o
evolve into br2 - vacua with 〈(QQ)2〉 ∼ mQµΦ ≫ 〈(QQ)1〉 at µΦ ≪ µΦ,o, while the br1 - vacua with
n1 > Nc , 〈(QQ)1〉 ∼ mQµΦ ≫ 〈(QQ)2〉 at µΦ ≪ µΦ,o evolve into the L-type vacua with 〈(QQ)1〉 ∼
〈(QQ)2〉 ∼ Λ2Q (µΦ/ΛQ)Nc/(NF−2Nc) at µΦ ≫ µΦ,o, etc.
The exceptions are the special vacua with n1 = Nc , n2 = N c . In these, the parametric behavior
〈(QQ)2〉 ∼ mQµΦ, 〈(QQ)1〉 ∼ Λ2Q (µΦ/ΛQ)Nc/(NF−2Nc) remains the same but the hierarchy is reversed at
µΦ ≶ µΦ,o : 〈(QQ)1〉/〈(QQ)2〉 ∼ (µΦ/µΦ,o)Nc/(NF−2Nc).
On the whole, there are
N totbr (n1) =
[
(NF − 2Nc) + θ(Nc − n1)(Nc − n1)
]
C
n1
NF
, N totbr =
[NF /2]∑
n1=1
N totbr (n1) (2.17)
vacua with the broken flavor symmetry at µΦ ≫ µΦ,o. The total number of vacua is the same at µΦ ≶ µΦ,o ,
as it should be.
We point out finally that the multiplicities of vacua at NF > 2Nc are not the analytic continuations of
those at Nc < NF < 2Nc , see [2, 1].
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3 Direct theory. Unbroken flavor symmetry.
2Nc < NF < 3Nc , µΦ ≫ ΛQ
It is worth noting first that in all calculations below in the text we use the NSVZ β - function [14, 15]
( remind also the footnote 1).
Because µΦ,o = ΛQ(mQ/ΛQ)
(NF−2Nc)/Nc ≪ ΛQ and µΦ ≫ ΛQ, we are here in the region µΦ ≫ µΦ,o.
There are Nc SQCD vacua (these were considered previously in [5], all fields Φ
j
i are too heavy and dynam-
ically irrelevant in these vacua for the case considered) and (NF − 2Nc) L - vacua (2.8) with
〈QQ〉L
Λ2Q
∼
(
µΦ
ΛQ
) Nc
NF−2Nc
≫ 1 . (3.1)
So, the gluon masses due to possible higgsing of some quark flavors are large (neglecting here and below
in this section all logarithmic factors due to the RG-evolution), µpolegl ∼ 〈QQ〉1/2L ≫ ΛQ.
But the quark masses are even larger, see (2.1),
mpoleQ ∼ 〈mtotQ 〉L ∼ 〈Φ〉L ∼
〈QQ〉L
µΦ
∼ ΛQ
(µΦ
ΛQ
) Nc
NF−2Nc ,
µpolegl
mpoleQ
∼
(ΛQ
µΦ
) 3Nc−NF
2(NF−2Nc) ≪ 1 . (3.2)
Therefore, all quarks are in the HQ (heavy quark) phase and are not higgsed but confined. After integrating
out all quarks as heavy ones at scales µ < mpoleQ ∼ 〈mtotQ 〉 in the weak coupling regime, there remain N2F
fions Φ and the SU(Nc) SYM with the scale factor of its gauge coupling
Λ
(L)
YM =
(
ΛboQ detm
tot
Q
)1/3Nc
,
〈Λ(L)YM〉 = 〈S〉1/3L
ΛQ
∼
(µΦ
ΛQ
) NF
3(NF−2Nc) ≫ µΦ
ΛQ
, bo = 3Nc −NF . (3.3)
After integrating out all gluons at the scale µ < 〈Λ(L)YM〉 through the Veneziano-Yankielowics (VY)
procedure [16, 17], the Lagrangian of N2F fions looks as, see (1.1),
KΦ ∼ Tr (Φ†Φ), W = Nc
(
ΛboQ detm
tot
Q
)1/Nc
+WΦ , mtotQ = mQ − Φ , 〈mtotQ 〉L ≈ −〈Φ〉L . (3.4)
From (3.4),(3.2) the fion masses are µpole(Φ) ∼ µΦ.
On the whole, the mass spectrum looks in these (NF − 2Nc) L - vacua as follows:
a) there is a large number of hadrons made of weakly coupled and weakly confined non-relativistic quarks
with masses mpoleQ ∼ ΛQ(µΦ/ΛQ)Nc/(NF−2Nc) (the tension of the confining string originating from the
SU(Nc) SYM is
√
σ ∼ 〈Λ(L)YM〉 ≪ mpoleQ ) ;
b) a large number of gluonia with the mass scale ∼ 〈Λ(L)YM〉 ∼ ΛQ(µΦ/ΛQ)NF /3(NF−2Nc) ;
c) the lightest are N2F fions with the masses µ
pole(Φ) ∼ µΦ ≫ ΛQ.
The overall hierarchies look as
ΛQ ≪ µpole(Φ) ∼ µΦ ≪ 〈Λ(L)YM〉 ≪ mpoleQ .
4 Dual theory. Unbroken flavor symmetry.
2Nc < NF < 3Nc , µΦ ≫ ΛQ
The dual theory in the UV region µ > ΛQ and 2Nc < NF < 3Nc is taken as UV free. The largest
mass in the case considered is that of dual quarks (neglecting here and below in this section all logarithmic
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factors due to the RG-evolution)
µpoleq ∼
〈M〉L = 〈QQ〉L
ΛQ
∼ ΛQ
(
µΦ
ΛQ
) Nc
NF−2Nc
≫ ΛQ, (4.1)
while the gluon masses due to possible higgsing of dual quarks are smaller
µ 2gl ∼ 〈qq〉L = 〈mtotQ 〉ΛQ ∼ 〈Φ〉ΛQ ∼
ΛQ〈QQ〉L
µΦ
∼ Λ2Q
(
µΦ
ΛQ
) Nc
NF−2Nc
,
µgl
µpoleq
∼
(ΛQ
µΦ
) 2NF−3Nc
2(NF−2Nc)
≪ 1 . (4.2)
Therefore, the dual quarks are in the Hq (heavy quark) phase and are not higgsed but confined confined.
After they are integrated out at scales µ < µpoleq in the weak coupling regime, there remain N
2
F fions Φ,
N2F mions M and the SU(N c) SYM with the scale factor of its gauge coupling
Λ
(L)
YM =
(
ΛboQ det
M
ΛQ
)1/3Nc
,
〈Λ(L)YM〉
ΛQ
∼
(µΦ
ΛQ
) NF
3(NF−2Nc) ≫ µΦ
ΛQ
, bo = 3N c −NF > 0 . (4.3)
After integrating out all dual gluons at scales µ < 〈Λ(L)YM〉 through the Veneziano-Yankielowics (VY)
procedure [16, 17], the Lagrangian looks as, see (1.1) for WΦ,
K ∼ Tr
(M †M
Λ2Q
+ Φ†Φ
)
, W = −N c
(
ΛboQ det
M
ΛQ
)1/Nc
+ Tr (mQ − Φ)M +WΦ . (4.4)
All fions Φ have masses µpole(Φ) ∼ µΦ and can be integrated out at scales µ < µΦ, resulting in the
lower energy Lagrangian of mions
KM ∼ TrM
†M
Λ2Q
, W = −N c
(detM
ΛboQ
)1/Nc
+WM , (4.5)
WM = mQTrM − 1
2µΦ
[
Tr (M2)− 1
Nc
(TrM)2
]
.
From (4.5) the mion masses are
µpole(M) ∼ Λ
2
Q
µΦ
≪ ΛQ . (4.6)
On the whole, the mass spectrum looks in these (NF − 2Nc) dual L - vacua as follows:
a) there is a large number of hadrons made of the weakly coupled and weakly confined non-relativistic
dual quarks with masses µpoleq ∼ ΛQ(µΦ/ΛQ)Nc/(NF−2Nc) (the tension of the confining string originating
from the SU(N c) dual SYM is
√
σ ∼ 〈Λ(L)YM〉 ≪ µpoleq ) ;
b) a large number of gluonia with the mass scale ∼ 〈Λ(L)YM〉 ∼ ΛQ(µΦ/ΛQ)NF /3(NF−2Nc) ;
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c) there are N2F fions with masses µ
pole(Φ) ∼ µΦ ;
d) the lightest are N2F mions with masses µ
pole(M) ∼ (Λ2Q/µΦ)≪ ΛQ.
The overall hierarchies look here as:
µpole(M)≪ ΛQ ≪ µpole(Φ) ∼ µΦ ≪ 〈Λ(L)YM〉 ≪ µpoleq .
Comparing the mass spectra in these L - vacua of the direct theory in section 3 and the dual one in
this section it is seen that they are parametrically different.
We would like to emphasize also that quarks in both direct and dual theories are simultaneously weakly
coupled in these L - vacua.
5 Direct theory. Broken flavor symmetry.
2Nc < NF < 3Nc , µΦ ≫ ΛQ
5.1 Lt - vacua
The main difference with the L - vacua in section 3 is that the flavor symmetry is broken spontaneously
in these Lt - vacua, 〈(QQ)1〉 6= 〈(QQ)2〉 and, from (3.4), the fions Φ21 and Φ12 are the Nambu-Goldstone
particles here and are exactly massless.
5.2 br1 - vacua
In these vacua with n1 < Nc and µΦ,o ≪ ΛQ ≪ µΦ ≪ Λ2Q/mQ, the regime is conformal at scales
mpoleQ,2 ≪ µ≪ ΛQ (see below) and potentially most important masses look here as follows.
The gluon masses due to possible higgsing of quarks are
(
µpolegl,1
)2
∼ zQ(ΛQ, µpolegl,1 )〈(QQ)1〉br1 ∼ Λ2Q
(mQµΦ
Λ2Q
)2NF /3Nc ≫ µ2gl,2 , zQ(ΛQ, µpolegl,1 ) ∼ (µpolegl,1ΛQ
)bo/NF
, (5.1)
while the quark masses are
〈mtotQ,2〉 =
〈(QQ)1〉br1
µΦ
∼ mQ , m˜poleQ,2 ∼
〈mtotQ,2〉
zQ(ΛQ, m˜
pole
Q,2 )
∼ ΛQ
(mQ
ΛQ
)NF /3Nc ≫ mpoleQ,1 , (5.2)
m˜poleQ,2
µpolegl,1
∼
(µΦ,o
µΦ
)NF /3Nc ≪ 1 . (5.3)
Therefore, the quarks Q1, Q1 are higgsed and the overall phase is Higgs1−HQ2. If we take 2n1 < bo,
then b′o = (bo − 2n1) > 0 and the lower energy theory with SU(Nc − n1) colors and n2 flavors will be in
the conformal regime at scales mpoleQ,2 ∼ 〈Λ(br1)YM 〉 ≪ µ≪ µpolegl,1 . Then all results for the mass spectra will be
the same as in section 11.1 of [1].
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6 Dual theory. Broken flavor symmetry.
2Nc < NF < 3Nc , µΦ ≫ ΛQ
6.1 Lt - vacua
The main difference with the L - vacua in section 4 is that the flavor symmetry is broken spontaneously
in these dual Lt - vacua, 〈M1〉 6= 〈M2〉. The fions have masses µpole(Φ) ∼ µΦ ≫ ΛQ and are dynamically
irrelevant at scales µ < µΦ. The low energy Lagrangian of mions is (4.4), but the mion masses look now
as
µpole(M11 ) ∼ µpole(M22 ) ∼
Λ2Q
µΦ
≪ ΛQ, µpole(M21 ) = µpole(M12 ) = 0 . (6.1)
Clearly, the parametric differences remain in mass spectra of the direct and dual theories in these
Lt-vacua.
6.2 br1 - vacua
Not going into any details we give here the results only. The overall phase is Hq1−Hq2 (heavy quarks)
and the massless Nambu-Goldstone particles here are the mions M21 and M
1
2 . The mass spectra are as in
section 7.1 of [1], the only difference is that Zq → 1 here because bo/NF = O(1) now.
7 Dual theory. Nc + 1 < NF < 3Nc/2, ΛQ ≪ µΦ ≪ µΦ,o
This dual theory (1.2) is in the IR free logarithmic regime in some range of scales µo < µ < ΛQ in all
vacua. We neglect in this section all logarithmic factors due to the RG flow for simplicity.
7.1 L and Lt - vacua
The condensates in L - vacua look as [1]
〈M〉L = 〈QQ〉L ∼ Λ2Q
(ΛQ
µΦ
) Nc
2Nc−NF , 〈qq〉L = 〈S〉LΛQ〈M〉L ∼ Λ
2
Q
(ΛQ
µΦ
) Nc
2Nc−NF , S =
(detM
ΛboQ
)1/Nc
, (7.1)
ΛQ ≪ µΦ ≪ µΦ,o = ΛQ(ΛQ/mQ)(2Nc−NF )/Nc .
Therefore, the pole masses µpoleq of dual quarks and the possible gluon masses µgl due to their higgsing
look as
µpoleq ∼
〈M〉L
ΛQ
, µpolegl ∼ 〈qq〉1/2L ,
µpolegl
µpoleq
∼
(ΛQ
µΦ
) 3Nc−2NF
2(2Nc−NF ) ≪ 1 (7.2)
and therefore the overall phase is Hq.
After integrating out all quarks as heavy ones at µ < µpoleq and then all SU(N c) gluons at µ < Λ
(L)
YM ≪
µpoleq through the VY-procedure [16, 17], the Lagrangian of N
2
F mions looks as, see (4.4),(4.5)
K =
M †M
Λ2Q
, W = −N c
(detM
ΛboQ
)1/Nc
+WM . (7.3)
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From (7.3), the masses of all N2F mions are µ(M) ∼ Λ2Q/µΦ.
On the whole, the mass spectrum in these L - vacua includes. -
1) A large number of hadrons made of weakly interacting non-relativistic and weakly confined dual
quarks, the scale of their masses is µpoleq ∼ 〈M〉L/ΛQ (7.1) (the tension of the confining string originating
from SU(N c) SYM is much smaller,
√
σ ∼ 〈Λ(L)YM〉 ≪ µpoleq ).
2) A large number of gluonia made of SU(N c) gluons with their mass scale 〈Λ(L)YM〉 = 〈S〉1/3L ∼
ΛQ(ΛQ/µΦ)
NF /3(2Nc−NF ).
3) N2F mions with masses µ(M) ∼ Λ2Q/µΦ.
The mass hierarchies look as µ(M)≪ 〈Λ(L)YM〉 ≪ µpoleq ≪ ΛQ.
In comparison with these L - vacua, the only qualitative difference in Lt - vacua with the broken flavor
symmetry is that the hybrid mions M12 and M21 are the Nambu-Goldstone particles there and are exactly
massless.
7.2 S - vacua
The condensates look here as [1]
〈QQ〉S = 〈M〉S ∼ mQµΦ, 〈qq〉S = 〈S〉SΛQ〈M〉 ∼ Λ
2
Q
(mQµΦ
Λ2Q
)Nc/Nc
, 〈S〉 =
(det〈M〉S
ΛboQ
)1/Nc
, (7.4)
µpoleq ∼
〈M〉S
ΛQ
, µpolegl ∼ 〈qq〉1/2S ,
µpolegl
µpoleq
∼
(mQµΦ
Λ2Q
)(3Nc−2NF )/2Nc ≪ 1 (7.5)
and so the overall phase is also Hq. Proceeding as before we obtain the Lagrangian (7.3) (but now in S -
vacua). From this, the masses of all N2F mions are µ
pole(M) ∼ Λ2Q/µΦ, while the scale of gluonia masses is
〈Λ(S)YM〉 = 〈S〉1/3S ∼ ΛQ(mQµΦ/Λ2Q)NF /3Nc ≪ µpoleq .
As a result, the hierarchies of masses (except for µ(Φ) ∼ µΦ ≫ ΛQ) look as:
a) ΛQ ≫ µpole(M)≫ µpoleq ≫ 〈Λ(S)YM〉 at ΛQ ≪ µΦ ≪ µ′Φ = ΛQ(ΛQ/mQ)1/2 ;
b) ΛQ ≫ µpoleq ≫ µpole(M)≫ 〈Λ(S)YM〉 at µ′Φ ≪ µΦ ≪ µ′′Φ = ΛQ(ΛQ/mQ)NF /(4NF−3Nc) ;
c) ΛQ ≫ µpoleq ≫ 〈Λ(S)YM〉 ≫ µpole(M) at µ′′Φ ≪ µΦ ≪ µΦ,o = ΛQ(ΛQ/mQ)(2Nc−NF )/Nc .
7.3 br2 - vacua
The condensates look in these vacua as [2],
〈(QQ)2〉br2 = 〈M2〉br2 ∼ mQµΦ ≫ 〈(QQ)1〉br2 = 〈M1〉br2 ∼ Λ2Q
(µΦ
ΛQ
) n2
n2−Nc
(mQ
ΛQ
)Nc−n1
n2−Nc ,
〈(qq)1〉br2 = 〈S〉br2ΛQ〈M1〉br2 =
〈M2〉br2ΛQ
µΦ
∼ mQΛQ ≫ 〈(qq)2〉br2 = 〈M1〉br2ΛQ
µΦ
, n2 > Nc ,
µ polegl,1 ∼ (〈(qq)1〉)1/2 ∼ (mQΛQ)1/2, µpoleq,2 ∼
〈M2〉br2
ΛQ
∼ mQµΦ
ΛQ
≫ µpoleq,1 ,
µpoleq,2
µ polegl,1
∼
(mQµ2Φ
Λ3Q
)1/2
. (7.6)
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A) The range ΛQ ≪ µΦ ≪ ΛQ(ΛQ/mQ)1/2
The largest mass µpolegl,1 have in this case gluons (and their superpartners) due to higgsing of dual quarks
q1, q
1, SU(N c)→ SU(N c − n1). The new scale factor of the gauge coupling is(
Λ′
)bo−2n1
= ΛboQ / detN
1
1 , µ
pole
q,2 ≪ 〈Λ′〉 ≪ ΛQ, bo = 3N c −NF < 0 , 〈N11 〉 = 〈q1q1〉 (7.7)
and the overall phase is Higgs1 −Hq2.
After integrating out massive gluons and higgsed quarks, the Lagrangian of the matter at the scale
µ = 〈Λ′〉 looks as
K = Tr
(
M †M
Λ2Q
+ 2
√
(N11 )
†N11 +Khybrid +
(
(q ′2)
† q ′2 + (q
′, 2)† q ′, 2
))
, (7.8)
Khybrid = N
1
2
1√
(N11 )(N
1
1 )
†
(N12 )
† + (N21 )
† 1√
(N11 )
†N11
N21 ,
where N11 = (q
1q1) are n
2
1 nion fields remained from the higgsed quarks q1, q
1, while the hybrids N12 = 〈q 1〉q2
and N21 = q
2〈q1〉 are in essence the quarks q2, q2 with broken colors,
W =WM −WMN −Wq, WMN = 1
ΛQ
Tr
(
M11N
1
1 + (M
2
1N
1
2 +M
1
2N
2
1 ) +M
2
2 (N
1
2
1
N11
N21 )
)
,
WM = mQTrM − 1
2µΦ
(
Tr (M2)− 1
Nc
(TrM)2
)
, Wq = Tr
(
q ′, 2
M22
ΛQ
q ′2
)
, (7.9)
where q ′2 and q
′, 2 are quarks with unbroken colors.
Next, at scales µ < µpoleq,2 ∼ mQµΦ/ΛQ, we integrate out remained q ′2, q ′, 2 quarks with unbroken colors
as heavy ones and then SU(N c − n1) gluons at µ < 〈Λ(br2)YM 〉 ≪ µpoleq,2 . The Lagrangian of remaining mions
and nions is
K = Tr
(M †M
Λ2Q
+ 2
√
(N11 )
†N11 +Khybrid
)
,
W = −(N c − n1)
(
ΛboQ
det(M22 /ΛQ)
detN11
)1/(N c−n1)
+WM −WMN . (7.10)
We obtain from (7.10) at mQµ
2
Φ/Λ
3
Q ≪ 1:
a) the mixing of mions and nions is parametrically small and masses of all N2F mions are
µpole(M) ∼ Λ2Q/µΦ ;
b) the masses of N11 nions are much smaller,
µpole(N11 ) ∼ mQµΦ/ΛQ, µpole(N11 )/µpole(M) ∼ mQµ2Φ/Λ3Q ≪ 1 ;
c) the hybrid nions N21 and N
1
2 are massless.
On the whole for this case the mass spectrum looks as follows.
1) The heaviest (among the masses < ΛQ) are N
2
F mions M with masses µ
pole(M) ∼ Λ2Q/µΦ .
2) There are n1(2N c − n1) massive dual gluons (and their superpartners) with masses
µ polegl,1 ∼ 〈N1〉1/2 ∼ (mQΛQ)1/2.
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3) There is a large number of hadrons made of weakly interacting non-relativistic and weakly confined
quarks q ′2 and q
′, 2 with unbroken colors, the scale of their masses is µpoleq,2 ∼ mQµΦ/ΛQ (the tension of
confining string originating from the non-Abelian N = 1 SU(N c − n1) SYM is much smaller,
√
σ ∼
〈Λ(br2)YM 〉 ≪ µpoleq,2 ).
4) The masses of n21 nions N
1
1 (dual pions) are also µ
pole(N11 ) ∼ mQµΦ/ΛQ.
5) There is a large number of SU(N c − n1) SYM gluonia, the scale of their masses is
∼ 〈Λ(br2)YM 〉 ∼ (mQ〈M1〉br2)1/3, see (7.6).
6) Finally, 2n1n2 Nambu-Goldstone hybrid nions N
2
1 , N
1
2 are massless.
The overall hierarchy of nonzero masses looks as:
〈Λ(br2)YM 〉 ≪ µpole(N11 ) ∼ µpoleq,2 ≪ µpolegl,1 ≪ µ(M)≪ ΛQ .
B) The range ΛQ(ΛQ/mQ)
1/2 ≪ µΦ ≪ µΦ,o = ΛQ(ΛQ/mQ)(2Nc−NF)/Nc
The largest mass have in this case q2, q
2 quarks, see (7.6). After integrating them out at µ < µpoleq,2 the
new scale factor of the gauge coupling is
〈Λ′′ 〉3Nc−n1 = ΛboQ
(mQµΦ
ΛQ
)n2
, 〈Λ′′ 〉 ≪ µpoleq,2 , n1 < N c . (7.11)
The ratio of the pole masses µpoleq,1 of q1, q
1 quarks to the possible gluon masses µ polegl,1 due to their higgsing
looks as
µpoleq,1 ∼
〈M1〉br2
ΛQ
, µpolegl,1 ∼ (mQΛQ)1/2,
µpoleq,1
µpolegl,1
∼
(µΦ
µˆΦ
)n2/(Nc−n1)
, (7.12)
〈Λ′′ 〉
µ polegl,1
∼
(µΦ
µˆΦ
)n2/2(3Nc−n1)
, µˆΦ ∼ ΛQ
(ΛQ
mQ
) 3Nc−NF−n1
2n2
>0
.
Therefore, in the range (Λ3Q/mQ)
1/2 ≪ µΦ ≪ µˆΦ the hierarchies look as: µ polegl,1 ≫ 〈Λ′′ 〉 ≫ µ poleq,1 and
the quarks q1, q
1 are higgsed in the weak coupling region at µ = µpolegl,1 ≫ 〈Λ′′ 〉, the overall phase is also
Higgs1 − Hq2. But µpoleq,1 ≫ 〈Λ′′ 〉 ≫ µpolegl,1 at µˆΦ ≪ µΦ ≪ µΦ,o, the quarks q1, q1 are too heavy and not
higgsed, the overall phase is Hq2 −Hq1.
1) (Λ3Q/mQ)
1/2 ≪ µΦ ≪ µˆΦ
After integrating out all heaviest quarks q2, q
2 at µ < µ poleq,2 , then higgsed quarks q1, q
1 and massive
gluons at µ < µ polegl,1 ≪ µpoleq,2 , and finally SU(N c − n1) gluons at µ < 〈Λ(br2)YM 〉 ≪ µpolegl,1 , there remain only
N2F mions M
i
j and n
2
1 nions N
1
1 (dual pions). The Lagrangian looks as, see (4.5)
K = Tr
( 1
Λ2Q
M †M + 2
√
(N11 )
†N11
)
, (7.13)
W = −(N c − n1)
(
ΛboQ det(M
2
2 /ΛQ)
detN11
)1/(Nc−n1)
+
1
ΛQ
TrN11
(
M21
1
M22
M12 −M11
)
+WM .
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We obtain from (7.13):
µpole(N11 ) ∼ µpole(M11 ) ∼ (mQΛQ)1/2 , µpole(M22 ) ∼ Λ2Q/µΦ , µpole(M21 ) = µpole(M12 ) = 0 . (7.14)
2) µˆΦ ≪ µΦ ≪ µΦ,o
After integrating out all quarks q2, q
2 and q1, q
1 as heavy ones and then SU(N c) gluons at µ < 〈Λ(br2)YM 〉 ≪
µpoleq,1 ≪ µpoleq,2 , the Lagrangian of N2F mions M looks as
K = Tr
( 1
Λ2Q
M †M
)
, W = −N c
(detM
ΛboQ
)1/Nc
+WM . (7.15)
From (7.15), see (4.5) and (7.6),
µpole(M22 ) ∼
Λ2Q
µΦ
, µpole(M11 ) ∼
〈M2〉
〈M1〉
Λ2Q
µΦ
≫ µpole(M22), µpole(M12) = µpole(M12) = 0 . (7.16)
8 Broken N = 2 SQCD and exercises with Seiberg’s duality
It was considered long ago in [18, 19] and reconsidered e.g. recently in [11, 12] N = 2 SQCD direct
(electric) theory broken down to N = 1 by the mass term µxTr(X2) of the adjoint field X , with SU(Nc)
gauge group 5 and Nc+1 < NF < 3Nc/2 flavors of direct fundamental quarks Q
i
a , a = 1 ... Nc, i = 1 ... NF ,
and antifundamental quarks Q
a
j . The matter Lagrangian at the scale µ≫ Λ2 looks as ( the gluon exponents
are implied here and everywhere below in Kahler terms, Λ2 is the scale factor of the gauge coupling)
K =
2
g2(µ)
Tr (X†X) + Tr (Q†Q +Q
†
Q), X = TAXA, Tr (TA1TA2) =
1
2
δA1A2, A = 1 ... N2c − 1,
Wmatter = µxTr (X2) + Tr
(
mQQ−
√
2QXQ
)
. (8.1)
We consider in sections 8.1 and 8.2 only the case with hierarchies 0 < m ≪ µx ≪ Λ2, while µx ≫ Λ2 in
section 8.3 .
8.1 Broken U(NF)→ U(n1)×U(n2) and unbroken Z2Nc−NF≥2
There are br2 - vacua in this theory at 1 ≤ n1 < N c = (NF − Nc), NF = n1 + n2, µx ≪ µx,o, with
the multiplicity (N c − n1)C n1NF (these are the vacua of the baryonic branch in the language of [18, 19],
or zero vacua in the language of [11, 12]), with the condensates of direct quarks Qia, Q
a
j ( Λ
3Nc−NF
Q =
Λ2Nc−NF2 µ
Nc
x , Nc + 1 < NF < 3Nc/2 ) , see e.g. (4.9) in [1] and (2.2)-(2.4),
6
〈(QQ)2〉 ≈ µxm1, 〈(QQ)1〉 ≈ µxm1
(m1
Λ2
) 2Nc−NF
n2−Nc ,
〈(QQ)1〉
〈(QQ)2〉
∼
(m
Λ2
) 2Nc−NF
n2−Nc ≪ 1 , m1 = Nc
Nc − n2 m,
µx,o
µx
=
ΛQ
µx
(ΛQ
m
) 2Nc−NF
Nc
=
(Λ2
m
) 2Nc−NF
Nc ≫ 1, 〈S〉 = 〈(QQ)1〉〈(QQ)2〉
µx
≈ µxm21
(m1
Λ2
) 2Nc−NF
n2−Nc , (8.1.1)
5 unlike [11, 12], we do not introduce the extra U(1) gauge field because it is not needed really
6 Here and everywhere below : A ≈ B has to be understood as an equality neglecting smaller power corrections, and
A≪ B has to be understood as |A| ≪ |B|.
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µx〈Tr (
√
2XadjSU(Nc))
2〉 = (2Nc −NF )〈S〉+m〈TrQQ〉 ≈ m(n2 µxm1) ,
〈QjQi 〉 ≡ 〈
Nc∑
a=1
Q
a
j Q
i
a 〉 = δij〈(QQ)1〉, i, j = 1 ... n1 ; 〈
Nc∑
a=1
Q
a
j Q
i
a 〉 = δij〈(QQ)2〉, i, j = n1 + 1 ... NF .
Only leading terms are given in (8.1.1), all nonleading parametrically small power corrections are
neglected here and everywhere below.
At m ≪ µx ≪ Λ2, because the field X is higgsed in these br2-vacua as 〈XA〉br2 ∼ Λ2, A = N c +
1, ..., Nc , the lower energy gauge group at scales µ = Λ2/(several) is SU(N c)× U(1)2Nc−NF [18].
This can be understood as follows. The perturbative NSVZ β-function of the massless N = 2 SQCD
is exactly one loop [14, 15]. Therefore, at (2Nc − NF ) > 0, the coupling g2(µ) is well defined at µ ≫ Λ2,
has a pole at µ = Λ2 and becomes negative at µ < Λ2. To avoid this unphysical behavior, the field X is
necessarily higgsed breaking the SU(Nc) group, with (at least some) components 〈XA〉 ∼ Λ2. (It is seen
from (8.1.1) that even if any quarks are higgsed, this gives at best the masses ∼ (µxm)1/2 ≪ Λ2. Therefore,
all particles will remain effectively massless at the scale µ ∼ Λ2 if all 〈XA〉 ≪ Λ2, and this will not help).
It is worth to remind also that in the considered N = 2 SQCD with m ≪ µx ≪ Λ2, if there will be no
some components 〈XA〉 ∼ Λ2, i.e. all 〈X〉 ≪ Λ2, the nonperturbative instanton contributions will be also
non operative at the scale Λ2 without both the corresponding fermion masses ∼ Λ2 and the infrared cut
off ρ . 1/Λ2 supplied by some 〈XA〉 ∼ Λ2, and the problem with g2(µ < Λ2) < 0 will survive. Moreover,
for the same reasons, if there is the non-Abelian subgroup at the lower scale µ < Λ2, it has to be IR free
(or at least conformal).
Besides, there is the residual non-trivial discrete R-symmetry Z2Nc−NF≥2 in the theory (8.1) [18]. The
charges of fields and parameters in the superpotential of (8.1) under Z2Nc−NF = exp{ipi/(2Nc − NF )}
transformation are: qλ = qθ = 1, qX = qm = 2, qQ = qQ = qΛ2 = 0, qµx = −2. It is broken spontaneously
at m≪ Λ2 (resulting in the multiplicity factor 2Nc−NF ) in L vacua with n1 = 0 and the unbroken global
U(NF ), in Lt vacua with 1 ≤ n1 < NF/2, and in special vacua with n1 = N c , while it is unbroken in br2
vacua with n2 > Nc and in S vacua with the unbroken U(NF ), see section 4 in [1] and (8.1.1). From all
this it follows that in br2 and S vacua the adjoint field X is higgsed necessarily at the scale µ ∼ Λ2 as
SU(Nc)→ SU(N c)× U (1)(1)× U2Nc−NF−1(1), with the largest XadjSU(2Nc−NF ) part of the form [18]
〈
√
2XadjSU(2Nc−NF )〉 ∼ Λ2 diag ( 0, ..., 0︸ ︷︷ ︸
Nc
; ω0, ..., ω2Nc−NF−1︸ ︷︷ ︸
2Nc−NF
) ,
where ω = exp{2pii/(2Nc − NF )} is a (2Nc − NF )-th root of unity. All other components of 〈X〉 in
the remained SU(N c) × U (1)(1) part are either ∼ m, or much smaller ∼ mf(z), f(z → 0) → 0, z =
(m/Λ2)
2Nc−NF ≪ 1, or simply zero, see Introduction and section 2 in [20] for detailed discussions and
results). In particular, the U (1)(1) part of 〈X〉 looks as [20]
〈
√
2X1〉 = 〈a1〉 diag ( 1︸︷︷︸
Nc
, c1︸︷︷︸
2Nc−NF
), c1 = − N c
2Nc −NF , 〈a1〉 = −
2Nc −NF
N c
m. (8.1.2)
At m ≪ Λ2, for vacua of the baryonic branch with the lower energy N = 2 SU(N c = NF − Nc) ×
U2Nc−NF (1) gauge group at µ < Λ2 [18], it was first proposed naturally by M.Shifman and A.Yung in [11]
that all light charged particles of N = 2 SU(N c) are the original pure electric particles, as they have not
received masses ∼ Λ2 directly from higgsed 〈XadjSU(Nc)〉 ( this is forbidden in these vacua by the unbroken
non-trivial Z2Nc−NF≥2 symmetry [18]).
But they changed later their mind to the opposite and, extrapolating freely by analogy their previous
results for r = Nc = 3, NF = 5, n1 = 2 very special U(Nc = 3) vacua in [21] (see also [22]) to all br2 and
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very special U(Nc) vacua with n1 = N c, n2 = Nc, 〈S〉 = 0, claimed in their subsequent paper [12] that this
SU(N c) group is not pure electric but dyonic, i.e. all its charged particles have nonzero both electric and
magnetic charges. This means that at m ≪ Λ2 all original pure electrically charged particles of SU(N c)
have received large masses ∼ Λ2, but now not directly from 〈XadjSU(Nc)〉 ∼ Λ2 (because this is forbidden by the
non-trivial unbroken Z2Nc−NF≥2 symmetry), but from some mysterious ”outside” sources and decoupled at
µ < Λ2, while the same gauge group SU(N c) of light composite dyonic solitons was formed. Unfortunately,
it was overlooked in [12] that, in distinction with their example with U(Nc = 3), NF = 5, n1 = 2 in [21]
with the trivial Z2Nc−NF=1 symmetry giving no restrictions on the form of 〈X〉, the appearance in the
superpotential at µ ∼ Λ2 of e.g. mass terms of original SU(N c) quarks like ∼ Λ2TrNc(QQ) is forbidden in
vacua with the non-trivial unbroken Z2Nc−NF≥2 symmetry, independently of whether these terms originated
directly from 〈X〉 or from unrecognized ”outside”. Therefore, we proceed below in this paper considering
all original charged particles of SU(N c) as they were, i.e. pure electrical light particles with masses ≪ Λ2
(see Introduction in [20] for additional more detailed discussions of this point).
Besides, due to the strong coupling, i.e. a(µ ∼ Λ2) = Ncg2(µ ∼ Λ2)/8pi2 ∼ 1, perturbative loops and
non-perturbative instanton contributions, and very special properties of enhanced N = 2 SUSY, 2Nc−NF
light composite dyons Dn, Dn (this number 2Nc − NF is required by the unbroken Z2Nc−NF ≥ 2 discrete
symmetry which acts interchanging them with each other) are formed in the U (1)(1)×U2Nc−NF−1(1) sector
(see section 2.1 in [20] for detailed discussions of these dyons). These dyons are massless at µx → 0 and are
higgsed as 〈Dn〉 = 〈Dn〉 ∼ (µxΛ2)1/2 at µx 6= 0. They have, in particular, SU(2Nc −NF ) adjoint magnetic
charges and nonzero electric SU(Nc) baryon and U
(1)(1) charges, this last is a source of the N = 2 U (1)(1)
photon multiplet (with its scalar superpartner a1, see (8.1.2) ).
Therefore, all these dyons are mutually local with respect to all charged original electric particles in
the SU(N c) sector, and higgsing of these dyons does not result in confinement of these particles. On
the other hand, e.g. all original pure electrically SU(2Nc − NF ) charged particles with largest masses
∼ Λ2 become confined at µx 6= 0 and form a large number of hadrons with masses ∼ Λ2. But this
confinement is weak, in the sense that the tension of the confining string is much smaller than particle
masses, σ1/2 ∼ (µxΛ2)1/2 ≪ Λ2.
At µx ≪ Λ2, because all these 2Nc − NF dyons are higgsed, all 2Nc − NF Abelian photon mutiplets
U2Nc−NF (1) acquire masses ∼ (µxΛ2)1/2 and, together with dyons, form 2Nc − NF long N = 2 photon
multiplets. There are no massless particles in this sector at µx 6= 0. But because the quarks Qia,Q
a
j
from SU(N c) are also coupled with a1 as δWa1 = (m − a1)Tr(QQ), see (8.1.2), this gives the additional
contribution to their masses, m → m˜ = m − 〈a1〉 = mNc/N c. Besides, µx → µ˜x = −µx in the adjoint
sector of SU(N c), see section 2.1 in [20] for all additional details.
8.1.1 The first pair of Seiberg’s dual theories
The lower energy N = 2 theory in the SU(N c) sector at scales µ ≪ (µxΛ2)1/2 contains the light adjoint
fields xB, B = 1 ... N
2
c − 1 (scalar partners of remained light SU(N c) electric gluons) and NF flavors of
remained light (i.e. with masses ≪ Λ2) original electric quarks Qib and Q
b
i , i = 1 ... NF , b = 1 ... N c. These
light quarks will be denoted below as Qib, Q
b
j , b = 1 ... N c, to distinguish them and their condensates
〈QjQi〉 summed over N c unbroken colors from condensates 〈QjQi〉 of Qia, Q
a
j in (8.1.1) summed over all
Nc colors.
This theory is IR free in the range of scales m ≪ µ ≪ Λ2 at Nc < NF < 2Nc/3, and the scale factor
of the SU(N c) gauge coupling at scales µx ≪ µ≪ Λ2 is ΛSU(Nc) = −Λ2, see (2.1.15) in [20].
Therefore the Lagrangian of these light original electric fields with masses . µx ≪ Λ2 (see below) looks
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at the scale µ = (several)µx as
K =
2
g2(µ)
Tr (x2) + Tr (Q†Q+ Q
†
Q) , x = TBxB , B = 1, ..., N
2
c − 1 , Tr (TB1TB2) =
1
2
δB1B2 ,
Wmatter = µ˜xTr (x
2) + Tr
(
m˜QQ− Q
√
2 xQ
)
, m˜ =
Nc
N c
m, µ˜x = −µx , m≪ µx ≪ Λ2 . (8.1.3)
After integrating out in (8.1.3) all fields xB as heavy ones at µ < µpole(x) = g2(µ = µpole(x))µx, the
new scale factor of the SU(N c) gauge coupling is
Λ˜bo = Λb2
SU(Nc)
µ˜Ncx , ΛSU(Nc) = −Λ2 , µ˜x = −µx , Λ˜≫ Λ2 , (8.1.4)
b2 = (2Nc −NF) < 0 , bo = (3Nc −NF) < 0 ,
and the Lagrangian at the scale µ = µx/(several) has the form (all logarithmic factors due to the N = 1
RG evolution at µ < µx are ignored here and everywhere below in the text for simplicity)
K = Tr (Q†Q+ Q
†
Q), Wmatter = m˜Tr (QQ ) +
1
2µx
(
Tr (QQ)2 − 1
N c
(TrQQ)2
)
. (8.1.5)
The above br2 -vacua (8.1.1) of the theory (8.1) with Nc colors, Nc + 1 < NF < 3Nc/2 and with
〈(QQ)2〉br2 ∼ µxm ≫ 〈(QQ)1〉br2, 1 ≤ n1 < N c , µx ≪ µx,o, will correspond now to the br1 -vacua of the
theory (8.1.5) with N c colors, NF > 3N c , µx ≫ µ˜x,o and with ( see (2.4),(2.14),(8.1.4), and (8.1.6),(8.1.8)
below),
〈(QQ)1〉 ∼ µxm≫ 〈(QQ)2〉 , µ˜x,o = Λ˜( Λ˜
m
)(2Nc−NF )/Nc ,
µ˜x,o
µx
∼ (m
Λ2
)(2Nc−NF )/Nc ≪ 1 , (8.1.6)
〈
Nc∑
b=1
Q
b
jQ
i
b 〉 = δij〈(QQ)1〉, i, j = 1 ... n1 , 〈
Nc∑
b=1
Q
b
jQ
i
b 〉 = δij〈(QQ)2〉, i, j = n1 + 1 ... NF .
A) To calculate the spectrum of masses smaller than µx in the theory (8.1.5) it will be convenient to
introduce N2F additional colorless but flavored fion fields Φ
j
i (these will be dynamically irrelevant finally
and unobservable as real particles at energies µ < µx, see below). Therefore, the direct N = 1 Φ - theory
is defined as follows. It has the same quark and SU(N c) gluon fields as in (8.1.5), the scale factor of the
SU(N c) gauge coupling is Λ˜≫ Λ2 (8.1.4), and there are N2F fion fields Φji in addition. It is IR free in the
range of scales m≪ µ ≪ Λ˜, and we will deal with its br1 - vacua with the multiplicity (N c − n1)C n1NF at
µx ≫ µ˜x,o, see (8.1.7) and (8.1.8) below. Its Lagrangian at the scale µ = Λ˜ looks as
K = Tr (Φ†Φ) + Tr (Q†Q+ Q
†
Q) , Wmatter =WΦ + Tr
(
Q(m˜− Φ)Q
)
, (8.1.7)
WΦ = µ˜x
2
(
Tr (Φ2)− 1
Nc
( TrΦ)2
)
, m˜ =
Nc
N c
m, µ˜x = −µx .
In what follows the parameter µx can be varied in the range m ≪ µx ≪ Λ2 while m and Λ2 will stay
intact. Then, with the change of notations: Nc → N c, µΦ → µ˜x, ΛQ → Λ˜, mQ → m˜, we can use the
results from (2.4),(2.14) for the quark condensates, 1 ≤ n1 < N c, n2 > Nc,
〈(QQ)1〉 = [ N c µ˜xm˜
N c − n1
= µ˜xm2 = µxm1 ] +
Nc − n1
N c − n1
〈(QQ)2〉 ≈ µxm1 ≈ 〈(QQ)2〉 , (8.1.8)
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〈(QQ)2〉 ≈ µ˜xm2
(m1
Λ2
) 2Nc−NF
n2−Nc , 〈Λ(br1)YM 〉3 ≡ 〈S〉 =
〈(QQ)1〉〈(QQ)2〉
µ˜x
≈ µ˜xm22
(m1
Λ2
) 2Nc−NF
n2−Nc ,
〈(QQ)2〉
〈(QQ)1〉
∼
(m
Λ2
) 2Nc−NF
n2−Nc ≪ 1 , m2 = Nc
n2 −Nc m = −m1 , 1 ≤ n1 < N c , n2 > Nc .
We obtain from (8.1.7),(8.1.8) for the potentially most important quark masses and gluon masses due
to possible higgsing of quarks (remind that all logarithmic effects of the N = 1 RG evolution are ignored
for simplicity) :
µgl,2 ≪ µgl,1 ∼ 〈(QQ)1〉1/2br1 ∼ (mµx)1/2 ≪ Λ2 , (8.1.9)(
mpoleQ,1
)
br1
≪
(
mpoleQ,2
)
br1
∼ 〈mtotQ,2〉br1 = 〈m˜− Φ2〉br1 =
〈(QQ)1〉br1
µ˜x
∼ m≪ µgl,1 ,
so that the overall phase is Higgs1 −HQ2 (HQ=heavy quark). Proceeding now as in previous sections, we
can calculate the mass spectrum. Not going into any details (see [26] ) we give here the results only (with
logarithmic accuracy).
a) The mixing of n21 pions Π
1′
1 → (Q1Q1
′
) (originating from higgsing of Q1, Q1 quarks) and 2n1n2
hybrids Π21, Π
1
2 (these are in essence the quarks Q
2, Q2 with broken colors) with fions Φ is parametrically
small and neglected. The masses of all N2F fions are the largest ones, µ
pole(Φ) ∼ µx. Therefore, they are
dynamically irrelevant and unobservable as real particles at scales µ < µx we are interested in.
b) There are n1(2N c−n1) massive electric gluons (and their N = 1 fermion superpartners) with masses
µgl,1 ∼ (mµx)1/2 .
c) There is a large number of hadrons made of the weakly interacting and weakly confined quarks
Q
′
2, (Q
2) ′ with N c − n1 unbroken colors and with masses mpoleQ,2 ∼ m (the tension of the confining string
originating from the unbroken non-Abelian group SU(N c−n1) is much smaller,
√
σ ∼ 〈Λ(br1)YM 〉 = 〈S〉1/3(br1) ≪
m, see (8.1.8) ).
d) The masses of n21 pions Π
1
1 are µ
pole(Π11) ∼ m (the main contribution to µpole(Π11) originates from
the term ∼ (Π11)2/µx in the superpotential appearing after integrating out heavier fions Φ11).
e) There is a large number of strongly coupled gluonia made of SU(N c − n1) gluons with the mass
scale 〈Λ(br1)YM 〉 = 〈S〉1/3br1 ∼ [m〈(QQ)2〉br1]1/3, see (8.1.8). 7
f) 2n1n2 hybrid pions Π
2
1 → (Q1Q2), Π12 → (Q2Q1) are the Nambu-Goldstone particles of spontaneously
broken global flavor symmetry U(NF ) → U(n1) × U(n2) and are massless (in essence, these are quarks
Q2, Q2 with broken n1 colors and n2 flavors).
The overall hierarchies of nonzero masses look as
〈Λ(br1)YM 〉 ≪ µpole(Π11) ∼ mpoleQ,2 ∼ m≪ µgl,1 ∼ (mµx)1/2 ≪ µpole(Φ) ∼ µx ≪ Λ2 ≪ Λ˜ .
B) Now consider the N = 1 dΦ - theory which is the literal Seiberg dual to the direct Φ - theory
(8.1.7). According to the Seiberg rules [3, 24], this is the theory with SU(Nc = NF −N c) dual colors, the
7 The case n1 = N c− 1 is different. The whole SU(N c) group is higgsed at the scale ∼ (mµx)1/2, there is no confinement
and no gluonia with masses ∼ 〈Λ(br1)YM 〉 from the unbroken non-Abelian N = 1 SU(Nc − n1) SYM with the scale factor
〈Λ(br1)YM 〉 ≪ (mµx)1/2 of its gauge coupling, originated after the quarks Q
′
2, (Q
2) ′ with N c − n1 colors and masses mpoleQ,2 ∼ m
decoupled as heavy at scales µ < m. The non-perturbative contribution to the low-energy superpotential originates at
n1 = N c − 1 directly from the instanton operating in this case at the higher scale ∼ µgl,1 ∼ (mµx)1/2 [23].
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scale factor of the dual gauge coupling is Λq = CoΛ˜, Co = O(1), with Nc + 1 < NF < 3Nc/2 flavors of
quarks qi and q
j (dual to Qi,Qj), N
2
F fions Φ
j
i and with additional N
2
F elementary mions M
i
j → (QjQi).
According to [25] (see section 7 therein) it will be in the strong coupling regime with the dual SU(Nc)
gauge coupling a(µ ∼ Λ˜) ∼ 1 and a(µ ≪ Λ˜) ∼ (|Λ˜|/µ) ν(+)> 0 ≫ 1. The dual Lagrangian at the scale
µ = |Λ˜| is
K = Tr (Φ†Φ) +
1
Λ˜2
Tr (M †M) + Tr (q†q+ q†q),
Wmatter =WΦ + Tr (m˜− Φ)M − 1
Λ˜
Tr ( qMq ) , WΦ = µ˜x
2
(
Tr (Φ2)− 1
Nc
(TrΦ)2
)
. (8.1.10)
Proceeding as in [5, 26] and not going into details we give below mainly the results only (see [26] for all
details). The potentially important masses of dual quarks and gluons (due to possible higgsing of quarks)
look here as follows, see (8.1.8) and Appendix,
µq,1 ≡ µq,1(µ = |Λ˜|) = 〈M1〉br1 = 〈(QQ)1〉br1
Λ˜
, µpoleq,1 =
µq,1
z
(+)
q (Λ˜, µ
pole
q,1 )
∼ Λ2
(m
Λ2
)Nc/Nc
, (8.1.11)
µ 2gl,1 ≪ µ 2gl,2 ∼ ρ(+)ρ(−)
[
〈(qq)2〉br1 = 〈(QQ)1〉br1Λ˜
µ˜x
∼ mΛ˜
]
, µgl,2 ∼ m≪ µpoleq,1 ,
ρ(+) =
[
a (+)(µpoleq,1 ) =
( |Λ˜|
µpoleq,1
)ν(+)][
z(+)q (Λ˜, µ
pole
q,1 ) =
(µpoleq,1
|Λ˜|
)γ(+)q ]
=
µpoleq,1
|Λ˜| ,
ρ(−) =
(µpoleq,1
µgl,2
)ν(−) [
z(−)q (µ
pole
q,1 , µgl,2) =
( µgl,2
µpoleq,1
)γ(−)q ]
=
µgl,2
µpoleq,1
, ρ(+)ρ(−) =
µgl,2
|Λ˜| ,
µpoleq,2 ∼
〈M2〉br1 = 〈(QQ)2〉br1
Λ˜
1
z
(+)
q (Λ˜, µ
pole
q,1 )z
(−)
q (µ
pole
q,1 , µ
pole
q,2 )
∼ (several)µgl,2 ≪ µpoleq,1 ,
where the anomalous dimensions are (see section 7 in [25] and Appendix)
γ(+)q =
2Nc −NF
NF −Nc > 1 , γ
(+)
M = −2γ(+)q < −2 , ν(+) =
3Nc − 2NF
NF −Nc > 0 , (8.1.12)
γ(−)q =
2Nc − n2
n2 −Nc > γ
(+)
q , γ
(−)
M = −2γ(−)q < γ(+)M , , ν(−) =
3Nc − 2n2
n2 −Nc > ν
(+) , γΦ = 0 .
Therefore, the overall phase in these (N c−n1)C n1NF br1 - vacua of the dual theory (8.1.10) is Hq1−Hq2
(heavy unhiggsed but confined quarks) and the mass spectrum looks as follows.
a) The mixing of all N2F mions M and N
2
F fions Φ is small at scales µ < µx and neglected. The masses
of all N2F fions, µ
pole(Φ) ∼ µx, will be the largest ones provided that µx ≫ µpoleq,1 (8.1.11) which is always
possible to adjust. So, all fions are dynamically irrelevant at scales µ < µx and all other masses will be
smaller than µx. Therefore, all N
2
F fion fields Φ can be integrated out as heavy ones at the scale µ < µx
we are interested in, and the Lagrangian at the scale µ = µx will be
K = z
(+)
M (Λ˜, µx) Tr
(M †M
Λ˜2
)
+ z(+)q (Λ˜, µx) Tr (q
†q+ q†q) , (8.1.13)
z
(+)
M (Λ˜, µx) =
( |Λ˜|
µx
)2γ(+)q ≫ 1 , z(+)q (Λ˜, µx) = ( µx|Λ˜|
)γ(+)q ≪ 1 ,
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Wmatter = W˜M − 1
Λ˜
Tr ( qMq ) , W˜M = m˜TrM + 1
2µx
(
Tr (M2)− 1
N c
(TrM)2
)
.
b) There is a large number of hadrons made of weakly confined q1, q
1 quarks (and hybrids made of q1
and q2 quarks), the quark masses are µpoleq,1 ∼ Λ2(m/Λ2)Nc/Nc , see (8.1.11).
c) Further, integrating out in (8.1.13) q1, q1 quarks as heavy ones at µ < µ
pole
q,1 , the matter Lagrangian
at µ = µpoleq,1 looks as
K = z
(+)
M (Λ˜, µ
pole
q,1 ) Tr
(M †M
Λ˜2
)
+ z(+)q (Λ˜, µ
pole
q,1 ) Tr (q
†
2q2),
Wmatter = W˜M −Wq , Wq = Tr
[
q 2
M̂ 22
Λ˜
q2
]
, M̂ 22 =M
2
2 −M12
1
M11
M21 . (8.1.14)
Evolving further down in energy and integrating out q2, q2 quarks as heavy ones at µ < µ
pole
q,2 ≪ µpoleq,1 ,
the scale factor of remained SU(Nc) SYM is determined from the matching, see (8.1.11),(8.1.12),(8.1.8),
a(µ = µpoleq,2 ) =
( |Λ˜|
µpoleq,1
)ν(+)(µpoleq,1
µpoleq,2
)ν(−)
= aYM(µ = µ
pole
q,2 ) =
(µpoleq,2
λYM
)3
→ λYM = 〈Λ(br1)YM 〉 ,
as it should be.
There is a large number of hadrons made of weakly confined q2, q
2 quarks, the quark masses are
µpoleq,2 ∼ m≪ µpoleq,1 (the tension of the confining string originating from SU(Nc) SYM with the scale factor
〈Λ(br1)YM 〉 (8.1.8) of its gauge coupling is much smaller,
√
σ ∼ 〈Λ(br1)YM 〉 ≪ m).
d) And finally, integrating out all SU(Nc) gluons at µ < 〈Λ(br1)YM 〉 ≪ µpoleq,2 ∼ m through the VY-
procedure [16, 17], the lower energy Lagrangian of mions M looks as, see (8.1.12)
KM =
z
(+)
M
|Λ˜|2 Tr
[
(M11 )
†M11 +
(
(M12 )
†M12 + (M
2
1 )
†M21
)
+ z
(−)
M (M
2
2 )
†M22
]
, (8.1.15)
z
(+)
M = z
(+)
M (Λ˜, µ
pole
q,1 ) =
( |Λ˜|
µpoleq,1
)2γ(+)q ≫ 1 , z(−)M = z(−)M (µpoleq,1 , µpoleq,2 ) = (µpoleq,1
µpoleq,2
)2γ(−)q ≫ 1 ,
W = W˜M +Wnon−pert, Wnon−pert = −Nc
(
Λ˜3Nc−NF det
M11
Λ˜
det
M̂ 22
Λ˜
)1/Nc
.
There is a large number of gluonia made of SU(Nc) dual gluons with the mass scale 〈Λ(br1)YM 〉 = 〈S〉1/3br1 ∼
[m〈M2〉br1 = m〈(QQ)2〉br1 ]1/3 ≪ m, see (8.1.8).
e) From (8.1.15), the masses of n21 mions M
1
1 and n
2
2 mions M
2
2 are
µpole(M11 ) ∼
Λ˜2
z
(+)
M (Λ˜, µ
pole
q,1 )µx
∼ µx
(m
Λ2
) 2(2Nc−NF )
Nc
, z
(±)
M (µ1, µ2) =
(µ1
µ2
)2γ(±)q
, (8.1.16)
µpole(M11 )
µpoleq,1
≪ µ
pole(M11 )
µpoleq,2
∼ µx
Λ2
(m
Λ2
) 3Nc−2NF
Nc ≪ 1 ,
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µpole(M22 ) ∼
〈S〉br1Λ˜2
〈M2〉2br1
1
z
(+)
M (Λ˜, µ
pole
q,1 )z
(−)
M (µ
pole
q,1 , µ
pole
q,2 )
∼ 〈Λ
(br1)
YM 〉3
m2
∼ µx
(m
Λ2
) 2Nc−NF
n2−Nc , (8.1.17)
µpole(M22 )
〈Λ(br1)YM 〉
∼ 〈Λ
(br1)
YM 〉2
m2
≪ 1 .
In (8.1.16),(8.1.17), the main contribution to µpole(M11 ) originates from the term W˜M ∼ (M)2/µx (8.1.13)
in (8.1.15) ), while µpole(M22 ) is dominated by the contribution from Wnon−pert.
f) 2n1n2 hybrid mions M
2
1 , M
1
2 are the Nambu-Goldstone particles and are massless.
The overall hierarchies of nonzero masses look as
µ(M22 )≪ 〈Λ(br1)YM 〉 ≪ µpoleq,2 ∼ m≪ µpoleq,1 ≪ µ(Φ) ∼ µx ≪ Λ2 ≪ Λ˜ , µ(M22 )≪ µ(M11 )≪ µpoleq,2 .
Comparing the mass spectra of the direct Φ (8.1.7) and dual dΦ (8.1.10) theories it is seen that they
are parametrically different.
8.1.2 The second pair of Seiberg’s dual theories
Therefore, the next question is as follows. - Is it possible at all to start from the direct N = 1 theory
with the original direct (electric) quark fields Qia, Q
a
j with Nc colors, i.e. those in (8.1), and to adjust the
parameters so that its Seiberg’s dual variant with N c colors and dual quarks qi, q
j will coincide at scales
µ < µx with the theory (8.1.5) ? As will be shown below, the answer is ”nearly yes” (the meaning of
”nearly” will become clear below).
C) The Lagrangian of this desired direct N = 1 theory with SU(Nc) colors, with some scale factor
ΛQ of the gauge coupling, with Nc+1 < NF < 3Nc/2 quark flavors, and with N
2
F additional colorless fion
fields Φji looks at the scale ΛQ as, see (8.1.10) for WΦ,
K = Tr (Φ†Φ) + Tr (Q†Q +Q
†
Q), (8.1.18)
Wmatter =WΦ + Tr
(
Q(mQ − Φ)Q
)
, WΦ = µΦ
2
(
Tr (Φ2)− 1
N c
(TrΦ)2
)
,
and the hierarchies of parameters in (8.1.18) are mQ ≪ ΛQ ≪ µΦ.
D) The corresponding Seiberg’s theory dual to (8.1.18) has the gauge group SU(N c), the quarks qi, q
j
dual to Qi, Qj and N
2
F additional elementary mions M
i
j → (QjQi), the scale factor of the dual gauge
coupling is Λq ∼ ΛQ and the dual Lagrangian looks at the scale ΛQ as
K = Tr (Φ†Φ) +
1
µ22
Tr (M †M) + Tr (q†q + q†q) , µ1 = µ2 = ΛQ ,
Wmatter =WΦ + Tr (mQ − Φ)M − 1
µ1
Tr ( qMq ) , 〈M ij〉 = 〈QjQi〉 . (8.1.19)
Returning to (8.1.18), we take now for our special purpose the specific values ΛQ = Λ˜ and µΦ ∼
Λ˜2/µx ≫ Λ˜ ≫ Λ2, mQ ∼ mµx/Λ˜ ≪ m, 0 < m ≪ µx ≪ Λ2 ≪ Λ˜, see (8.1.4). With this choice, the
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masses of N2F fion fields Φ in (8.1.19) will be very large, µ
pole(Φ) ∼ µΦ ≫ Λ˜≫ Λ2, so that they all can be
integrated out once and forever and the dual Lagrangian at the scale µ = |Λ˜| can be rewritten as
K =
1
|Λ˜|2Tr (M
†M) + Tr (q†q + q†q), (8.1.20)
Wmatter =WM − 1
Λ˜
Tr ( qMq ) , WM = mQTrM − 1
2µΦ
(
Tr (M2)− 1
Nc
(TrM)2
)
.
Besides, see (8.1.1),(8.1.4),
µΦ,o = ΛQ
(ΛQ
mQ
) 2Nc−NF
Nc
= Λ˜
( Λ˜
mQ
) 2Nc−NF
Nc ∼ µΦ
(Λ2
m
) 2Nc−NF
Nc
,
µΦ
µΦ,o
∼
(m
Λ2
) 2Nc−NF
Nc ≪ 1 , (8.1.21)
so that the br1-vacua of the theory (8.1.5) with µx ≫ µ˜x,o, see (8.1.6),(8.1.8), correspond to the br2-vacua
of (8.1.18),(8.1.20) with µΦ/µΦ,o ≪ 1, and for this dual pair of theories the condensates of quarks and
mions M at the scale ΛQ = Λ˜ look in these br2-vacua with the multiplicity (N c − n1)C n1NF as, see section
4 in [1] and (7.6),
〈M2〉br2 = 〈(QQ)2〉br2 ∼ mQµΦ, 〈M1〉br2 = 〈(QQ)1〉br2 ∼ Λ˜2
(µΦ
Λ˜
) n2
n2−Nc
(mQ
Λ˜
)Nc−n1
n2−Nc ,
〈(qq)1〉br2 = 〈M2〉br2Λ˜
µΦ
∼ mQΛ˜ ∼ mµx , 〈(qq)2〉br2 = 〈M1〉br2Λ˜
µΦ
∼ µxm
(m
Λ2
) 2Nc−NF
n2−Nc , (8.1.22)
〈Λ(br2)YM 〉3 = 〈S〉br2 =
〈(QQ)1〉br2〈(QQ)2〉br2
µΦ
∼ µxm2
(m
Λ2
) 2Nc−NF
n2−Nc ,
〈(qq)2〉br2
〈(qq)1〉br2 ∼
(m
Λ2
) 2Nc−NF
n2−Nc ≪ 1 , 1 ≤ n1 < N c , n2 > Nc .
The dual theory (8.1.20) is in the IR free regime in the range of scales m≪ µ≪ Λ˜, with only logarithmic
RG evolution (which is neglected). The masses of N2F mionsM , µ
pole(M) ∼ Λ˜2/µΦ ∼ µx will be the largest
ones among the masses smaller than Λ2 and they all can be integrated out at scales µ < µx ≪ Λ2 we are
interested in. As a result, the Langangian (8.1.20) at the scale µ = µx will be
K = Tr (q†q + q†q) , Wmatter =
Nc
N c
mQµΦ
Λ˜
Tr (qq ) +
µΦ
2Λ˜2
[
Tr (qq)2 − 1
N c
(Tr qq)2
]
=
= m˜Tr (qq ) +
1
2µx
[
Tr (qq)2 − 1
N c
(Tr qq)2
]
, m˜ =
Nc
N c
m. (8.1.23)
Therefore, with the special choice of parameters in (8.1.18), see (8.1.4),
ΛQ = Λ˜ , mQ = m
Λ˜
µΦ
, µΦ =
Λ˜2
µx
(8.1.24)
the Lagrangian (8.1.23) will have the same form as (8.1.5), with the same mass parameters m˜ and µx,
with the same gauge group SU(N c) and the same scale factor Λ˜ of its gauge coupling, and all hierarchies
will be as needed
mQ ≪ m≪ µx ≪ Λ2 ≪ Λ˜≪ µΦ . (8.1.25)
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And the spectrum of masses smaller than µx will be the same in this dual theory (8.1.20),(8.1.23) with
the quark fields q, q as those described above in the direct theory (8.1.5) with the direct quark fields Q,Q,
both theories weakly coupled and with N c colors.
Does it mean that these two theories, (8.1.5) and (8.1.23), will be completely equivalent at scales
µ < µx? The answer is negative. The reason is as follows. Let the direct (electric) quarks Q
i
a in
(8.1),(8.1.18) to have the positive baryon charge B = 1 and to be in the fundamental representation ”NF”
of the SU(NF )L flavor group, so that the baryon field with the baryon charge Nc looks as ∼ QNc . The
same baryon field looks then as ∼ qNc in terms of dual quarks, so that the quarks qi in (8.1.23) have the
positive baryon charge Nc/N c and are in the antifundamental representation ”NF” of SU(NF )L (up to
q ↔ q which is simply the change of notations). But the quarks Qib in (8.1.5) are in the same fundamental
representation ”NF” of the SU(NF )L flavor group as the quarks Q
i
a in (8.1) because electric quarks Q and
Q differ only by a number of colors.
Now, in the interval of scales (mµx)
1/2 ≪ µ≪ µx, all terms in the superpotentials (8.1.5) and (8.1.23)
are dynamically irrelevant and all quark and gluon fields are effectively massless in both theories, so that
the non-Abelian flavor symmetry is enhanced and is SU(NF )L×SU(NF )R . Therefore, the quarks Qi from
(8.1.5) give the positive contribution, ” +N c”, to the flavor ’t Hooft triangle SU
3(NF )L, while the contri-
bution of quarks qi from (8.1.23) to this triangle is negative, ”− N c”. Clearly, this is a manifestation of the
fact that the quarks Qi and qi behave differently under SU(NF )L transformations. This conclusion differs
from those in [11] where it was claimed that the electric quarks Q and Seiberg’s dual quarks q are the same.
Not going into details we only note here that, with the choice (8.1.24) and with the correspondence
Qi ↔ qi, Φji ↔ M ij , the spectrum of masses smaller than µx in the direct theory (8.1.18) will be the same
as in the dual theory (8.1.10), (8.1.13), both theories with Nc colors and strongly coupled (see [26] for all
details).
But the SU 3(NF )L triangles will be different also.
1) In the range of scales µpoleq,1 ∼ Λ2(m/Λ2)Nc/Nc ≪ µ ≪ µx . - In the dual theory (8.1.13), the quarks
qi contribute ”−Nc” and mions M ij contribute ”+NF”, i.e. ”+N c” on the whole. In the direct theory
(8.1.18), the quarks Qi contribute ”+Nc” while the fions Φ
j
i contribute ”−NF”, i.e. ”−N c” on the whole.
2) In the range of scales µpole(M11 ) ∼ µpole(Φ11) < µ < µpoleq,2 ∼ m . - In the dual theory (8.1.15) the mions
M ij contribute ”+NF”, while in the direct theory (8.1.18) the fions Φ
j
i contribute ”−NF”.
We can compare also the flavor triangles for the first Seiberg’s dual pair of theories: the weakly coupled
(8.1.5) with N c colors and strongly coupled (8.1.13) with Nc colors.
I) For SU 3(NF )L triangles in the range of scales µ
pole
q,1 < µ < µx, see (8.1.11),(8.1.13). In the direct theory
(8.1.5) the quarks Qi contribute ”+N c”. In the dual theory (8.1.13) the quarks qi contribute ”−Nc” and
mions M ij contribute ”+NF”, i.e. also ”+N c” on the whole.
II) As an example, at lower energies.
1) For SU 3(n2)L triangles. In the direct theory (8.1.5) in the range of scales 0 < µ < m
pole
Q,2 ∼ m the
massless hybrid pions Π21 → (Q1Q2) contribute ”+n1”. In the dual theory (8.1.15): a) in the range
of scales µpole(M22 ) < µ < µ
pole
q,2 ∼ m the mions M2j contribute ”+NF”, b) in the range of scales
0 < µ < µpole(M22 )≪ m the massless hybrid mions M21 contribute ”+n1”.
2) For SU 3(n1)L triangles. In the direct theory (8.1.5) in the range of scales 0 < µ < m
pole
Q,2 ∼ m the
massless hybrid pions Π12 → (Q2Q1) contribute ”+n2”. In the dual theory (8.1.15): a) in the range
of scales µpole(M11 ) < µ < µ
pole
q,2 ∼ m the mions M1j contribute ”+NF”, b) in the range of scales
0 < µ < µpole(M11 )≪ m the massless hybrid mions M12 contribute ”+n2”.
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Now, the same for the second Seiberg’s dual pair: the weakly coupled (8.1.23) with N c colors and
strongly coupled (8.1.18) with Nc colors.
I) For SU 3(NF )L triangles in the range of scales m
pole
Q,1 ∼ µpoleq,1 < µ < µx , see (8.1.11). - In the dual theory
(8.1.23) the dual quarks qi contribute ”−N c”. In the direct theory (8.1.18) the quarks Qi contribute ”Nc”
and the fions Φji contribute ”−NF”, i.e. also ”−N c” on the whole.
II) At lower energies. -
1) For SU 3(n2)L triangles. In the direct theory (8.1.18): a) in the range of scales µ
pole(Φ22) < µ < m
pole
Q,2 ∼ m
the fions Φj2 contribute ”−NF”, b) in the range of scales 0 < µ < µpole(Φ22)≪ m the massless hybrid fions
Φ12 contribute ”−n1”. In the dual theory (8.1.23): in the range of scales 0 < µ < µpoleq,2 ∼ m the massless
dual hybrid pions Π˜12 → (q 1q2) contribute ”−n1”.
2) For SU 3(n1)L triangles. In the direct theory (8.1.18): a) in the range of scales µ
pole(Φ11) < µ < m
pole
Q,2 ∼ m
the fions Φj1 contribute ”−NF”, b) in the range of scales 0 < µ < µpole(Φ11)≪ m the massless hybrid fions
Φ21 contribute ”−n2”. In the dual theory (8.1.23): in the range of scales 0 < µ < µpoleq,2 ∼ m the massless
dual hybrid pions Π˜21 → (q 2q1) contribute ”−n2”.
8.2 Unbroken U(NF) and unbroken Z2Nc−NF
The vacua with these properties in the parent electric theory (8.1) with Nc colors and at µx ≪ µx,o, see
(8.1.1), are the S vacua with the multiplicity N c, see section 4 in [1], 〈QjQi〉S = δij〈QQ〉S ,
〈QQ〉S ≈ −Nc
N c
µxm, 〈S〉S =
(det〈QQ〉S
ΛboQ
)1/Nc ∼ µxm2(m
Λ2
)(2Nc−NF )/Nc
. (8.2.1)
It is interesting that the corresponding vacua with these properties in the theories (8.1.3),(8.1.5) with
N c electric colors, with quarks Q, Q and at µx ≫ µ˜x,o , see (8.1.5),(8.1.6), are the N = 1 SQCD vacua
with the multiplicity N c ( see (2.9),(8.1.4) with replacements Nc → N c , ΛQ → Λ˜ , µΦ → µ˜x , mQ → m˜,
and (8.1.3), bo = 3N c −NF < 0 )
〈S〉QCD ≡ 〈Λ(QCD)YM 〉3 ∼ µxm2
(m
Λ2
)(2Nc−NF )/Nc
,
(〈Λ(QCD)YM 〉
m
)3
∼ µx
Λ2
(m
Λ2
)(3Nc−2NF )/Nc ≪ 1 ,
〈QQ〉QCD ≈ 〈S〉QCD
m˜
≈ 1
m˜
(
Λ˜bo det m˜
)1/Nc ∼ µxm(m
Λ2
)(2Nc−NF )/Nc
, m˜ =
Nc
N c
m, (8.2.2)
〈Φ〉QCD
m
∼ 〈QQ〉QCD
mµx
∼
(m
Λ2
)(2Nc−NF )/Nc ≪ 1 , 〈QjQi〉QCD = δij〈QQ〉QCD , 〈Φji 〉QCD = δji 〈Φ〉QCD .
The direct theory (8.1.5) in these SQCD vacua is IR free in the range of scales m ≪ µ ≪ Λ˜ and the
RG-evolution is only logarithmic (and ignored). Therefore, the potentially competing masses look as
mpoleQ ∼ mtotQ = 〈m− Φ〉QCD =
〈S〉QCD
〈QQ〉QCD
∼ m, (8.2.3)
µ2gl ∼ 〈QQ〉QCD ,
( µgl
mpoleQ
)2
∼
(m
Λ˜
)(3Nc−2NF )/Nc ∼ µx
Λ2
(m
Λ2
)(3Nc−2NF )/Nc ≪ 1
and so the overall phase is HQ (heavy quark).
The mass spectrum looks as follows.
1) The masses of all N2F fions Φ are ∼ µx and they are dynamically irrelevant at scales µ < µx we are
interested in.
2) There is a large number of hadrons made of weakly coupled and weakly confined non-relativistic direct
quarks Q, Q with masses mpoleQ ∼ m (the tension of the confining string originating from SU(N c) SYM is√
σ ∼ 〈Λ(QCD)YM 〉 ≪ m).
3) There is a large number of gluonia made of SU(N c) gluons, the scale of their masses is ∼ 〈Λ(QCD)YM 〉 =
〈S〉1/3QCD, see (8.2.2).
The mass spectrum of the strongly coupled dΦ-theory (8.1.10) which is the literal Seiberg’s dual to
(8.1.7) looks as follows in these SQCD vacua with the multiplicity N c, see [26].
a) All N2F fields Φ also decouple as heavy ones at µ < µx and the Lagrangian at µ = µx is (8.1.13).
b) The overall phase is also Hq (heavy quark). There is a large number of hadrons made of weakly confined
dual quarks q, q (the tension of the confining string originating from SU(Nc) SYM is
√
σ ∼ 〈Λ(QCD)YM 〉 ≪ m),
the quark pole mass is (γq = γ
(+)
q , γM = γ
(+)
M , see (8.1.12),(8.1.13),(8.1.4), and (8.2.2) )
µq ≡ µq(µ = |Λ˜|) = 〈M〉QCD
Λ˜
=
〈QQ〉QCD
Λ˜
, µpoleq =
µq
z
(+)
q (Λ˜, µ
pole
q )
∼ m≪ µx . (8.2.4)
c) There is a large number of gluonia made of SU(Nc) gluons with the mass scale 〈Λ(QCD)YM 〉 = 〈S〉1/3QCD ≪
µpoleq , see (8.2.2).
d) The Lagrangian of N2F mions M
i
j at the scale µ < 〈Λ(QCD)YM 〉 looks as, see (8.1.4),(8.2.4),
KM = zM (Λ˜, µ
pole
q ) Tr
(M †M
Λ˜2
)
, zM(Λ˜, µ
pole
q ) =
( |Λ˜|
µpoleq
)2(2Nc−NF )/Nc ≫ 1 ,
W =WM +mTrM +Wnon−pert, Wnon−pert = −Nc
(
Λ˜3Nc−NF det
M
Λ˜
)1/Nc
. (8.2.5)
The main contribution to the masses of N2F mions M originates from Wnon−pert in (8.2.5) and is
µpole(M) =
1
zM(Λ˜, µ
pole
q )
〈S〉QCDΛ˜2
〈M〉2QCD
∼ 〈Λ
(QCD)
YM 〉3
m2
∼ µx
(m
Λ2
)(2Nc−NF )/Nc
, (8.2.6)
[
µpole(M)
〈Λ(QCD)YM 〉
]3/2
∼ µx
Λ2
(m
Λ2
)(3Nc−2NF )/Nc ≪ 1 .
The overall hierarchy of masses looks as
µpole(M)≪ 〈Λ(QCD)YM 〉 ≪ µpoleq ∼ m≪ µx ≪ Λ2 .
Therefore, the spectra of mass smaller than µx are parametrically different in the direct theory (8.1.7)
and in its Seiberg’s dual (8.1.10),(8.1.13) in these SQCD vacua.
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Consider now the strongly coupled direct theory (8.1.18) with Nc colors and direct quarks Q, Q and
its weakly coupled Seiberg’s dual (8.1.19),(8.1.20) with N c colors and dual quarks q, q. For this case, see
(8.1.24),
µΦ,o = ΛQ
(ΛQ
mQ
) 2Nc−NF
Nc
= Λ˜
( Λ˜
mQ
) 2Nc−NF
Nc ∼ µΦ
(Λ2
m
) 2Nc−NF
Nc ≫ µΦ , (8.2.7)
and so for this theory (8.1.18) (and therefore for (8.1.20) also) the corresponding vacua with the unbroken
U(NF ) and Z2Nc−NF symmetries are the S-vacua with the multiplicity N c , see section 4 in [1]. In these
vacua ( 〈QQ〉S ≡ 〈QQ(µ = Λ˜)〉S ) ,
〈QQ〉S ≈ −Nc
N c
mQµΦ ∼ µxm
(Λ2
µx
) (2Nc−NF )
3Nc−2NF , 〈S〉S =
(det〈QQ〉S
Λ˜3Nc−NF
)1/Nc ∼ µxm2(m
Λ2
)(2Nc−NF )/Nc
,
〈M〉S ≡ 〈M(µ = Λ˜)〉S = 〈QQ〉S , 〈qq〉S ≡ 〈qq(µ = Λ˜)〉S = 〈S〉SΛ˜〈M〉S ∼ µxm
(m
Λ2
)(2Nc−NF )/Nc
, (8.2.8)
〈M ij〉S = δij〈M〉S = 〈QjQi〉S = δij〈QQ〉S .
The weakly coupled dual theory (8.1.20) with N c dual colors is in the IR free regime at scales m≪ µ≪
ΛQ = Λ˜ in these S-vacua and the RG-evolution is only logarithmic (and ignored). From (8.2.8),(8.1.24)
the potentially important masses look as
µpoleq ∼ µq =
〈M〉S
Λ˜
∼ m, µgl ∼ 〈qq〉1/2S ,
( µgl
µpoleq
)2
∼ µx
Λ2
(m
Λ2
)(3Nc−2NF )/Nc ≪ 1 , (8.2.9)
so that the overall phase is Hq (heavy quarks). The masses of all N2F mions M are the largest ones,
µ(M) ∼ Λ˜2/µΦ = µx , they are dynamically irrelevant at scales µ < µx and can be integrated out resulting
in (8.1.23). As one could expect with the choice (8.1.24), the spectrum of masses smaller than µx in these
N c S - vacua of the dual theory (8.1.23) with the dual quarks q, q is the same as those in the N c SQCD
- vacua of the direct theory (8.1.7) with direct quarks Q, Q, both theories weakly coupled and with N c
colors. But, clearly, the values of ’t Hooft triangles SU 3(NF )L in the range of scales m≪ µ≪ µx where
all quarks and gluons in both theories (8.1.7) and (8.1.23) are effectively massless are also different in these
vacua with unbroken symmetries.
Not going into any details we only note here that, with the choice (8.1.24) and with the correspondence
Qi ↔ qi, Φji ↔ M ij , the spectrum of masses smaller than µx is also the same in the pair (8.1.13) and
(8.1.18) of strongly coupled theories with Nc colors in the considered vacua with the unbroken U(NF ) and
Z2Nc−NF symmetries, see section 3.1 in [26]. But the SU
3(NF )L triangles are also different.
8.3 Going to large µx ≫ Λ2
A) We give here first a short justification of the form (8.1.19) (the same concerns also the form of (8.1.10) ).
In his original paper [3] Seiberg considered the standard N = 1 SQCD with SU(Nc) colors and e.g.
Nc + 1 < NF < 3Nc/2 flavors as the direct theory, and (8.1.19) with SU(N c) colors as its dual one, both
without fields Φ, see (8.1.18),(8.1.19). Moreover, the starting point was this standard SQCD with massless
quarks, mQ → 0, and some fixed scale factor of the gauge coupling in the direct theory, say ΛQ.
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We would like now to emphasize two points:
a) both direct and dual theories are conventionally implied to be nonsingular and non-trivial interacting
theories at scales µ . ΛQ even at mQ = 0, ΛQ = const;
b) the dual theory can be considered either as the assumed lower energy form of the direct theory with
Nc + 1 < NF < 3Nc/2 at scales µ < ΛQ, or (as is the only possibility in the conformal window 3Nc/2 <
N < 3Nc) as independent theory which becomes supposedly equivalent to the direct one at µ < ΛQ.
In any case (as in the conformal window), ΛQ is then the only nonzero dimensional parameter in both
these theories (without fields Φ) at mQ = 0. Then the scale factor Λq of the dual gauge coupling has to
be Λq = CqΛQ, Cq = O(1). For the same reasons, it should be µ1 ∼ µ2 ∼ ΛQ.
Besides, it was obtained in [4] (for not especially chosen values of NF , Nc): Λ
3Nc−NF
Q Λ
3Nc−NF
q =
Coµ
NF
1 , Co = O(1), so that µ1 ∼ Λq ∼ ΛQ, see also [24] and sections 2-4 in [5]. And the only acceptable
value of r = µ2/µ1 at mQ = 0 is r ∼ 1.
Moreover, these scale factors Λq ∼ ΛQ and µ1,2 ∼ ΛQ remain the same after the additional colorless
fields Φji are added. Therefore, the dual Lagrangian should be of the form (8.1.19).
Consider also the original theory (8.1) with the gauge group U(Nc) (to comply with [12]), 0 < m ≪
ΛQ, Nc + 1 < NF < 3Nc/2, and large µx ≫ Λ2. All N2c fields XadjU(Nc) decouple as heavy at scales µ <
µpolex /(several) = g
2µx/(several) in the weak coupling region and can be integrating out. The Lagrangian
at the scale µ = (several)ΛQ ≪ µx, Λ3Nc−NFQ ∼ Λ2Nc−NF2 µNcx , looks then as (ignoring logarithmic factors for
simplicity)
K = Tr (Q†Q+Q→ Q), Wmatter = mTr (QQ)− 1
2µx
Tr (QQ)2 . (8.3.1)
The form of Seiberg’s theory with N c = NF −Nc colors dual to (8.3.1), as it is given and used in [12],
looks as
K =
1
κ2
Tr (M †M) + Tr
[ µx
κ
(h†h + h
†
h) = (q†q + q†q)
]
,
Wmatter = Tr
(
mM − 1
2µx
M2
)
− 1
µx
Tr (qMq) , 〈M ij〉 = 〈QjQi〉 . (8.3.2)
It is worth reminding that Lagrangian forms (8.3.1) and (8.3.2) are the same for all vacua at µx ≫ ΛQ.
Consider the SQCD vacua in the limit of sufficiently large µx, with fixed both ΛQ and 0 < m ≪ ΛQ.
In these vacua (neglecting small power corrections ∼ 〈QQ〉QCD/mµx ≪ 1) : 〈QjQi〉 = δij〈QQ〉QCD =
δij〈M〉QCD, i, j = 1...NF , 〈QQ〉QCD ≈ 〈S〉QCD/m ≈ [(Λ3Nc−NFQ mNF )1/Nc ]/m ∼ ”const” in this limit.
Therefore, the last term Tr (QQ)2/µx ∼ Λ4Q/µx in (8.3.1) is parametrically small and irrelevant, and
the standard N = 1 SQCD Lagrangian emerges. If (κ2/µx) → 0 at large µx, the extra term (M2/µx)
in (8.3.2) will be also irrelevant and can be safely neglected (as it should be in standard Seiberg’s dual
SQCD theory). The problem is with the last term Tr (qMq)/µx in (8.3.2). On the one hand, if we
take by hand 〈q iqi〉QCD ∼ const, then this last term will disappear also, but the term ∼ Tr (qMq)
has to survive necessarily in Seiberg’s dual theory. On the other hand, from the Konishi anomaly:
〈q iqi〉QCD〈M ii 〉QCD = µx〈−S˜〉QCD, i = 1...NF (no summation over ”i”), where 〈S˜〉QCD is the dual gluino
condensate (the observable quantity). For the direct and dual theories to be equivalent, at least potentially,
the necessary (but clearly not sufficient) condition is the corresponding relation 〈−S˜〉QCD = 〈S〉QCD. But
then 〈q iqi〉QCD = µx〈−S˜〉QCD/〈M ii 〉QCD = µx〈S〉QCD/〈QiQi〉QCD ≈ µxm, and it will be parametrically
large at sufficiently large µx, 〈q iqi〉QCD ≫ Λ2Q. (The same follows from 〈∂Wmatter/∂M ij〉 = 0 in (8.3.2)
at (〈M ii 〉QCD = 〈QiQi〉QCD)/mµx ≪ 1 ). This looks clearly unrealistic for SQCD vacua and, besides, this
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very large condensate, 〈qiqi〉QCD ∼ mµx ≫ Λ2Q, i = 1...NF , implies that these dual quarks with N c colors
and NF flavors will be higgsed. The rank condition at NF > Nc > N c will result then in the spontaneous
breaking of (at least) the global flavor symmetry in the dual theory, but this is not the case for the direct
theory (8.3.1). Therefore, in any case and in all vacua, the form of the last term in Wmatter in (8.3.2) is
not right at large µx for the standard Seiberg theory dual to (8.3.1).
As described above, instead of (8.3.2), the appropriate dual form of (8.3.1) is
K =
1
Λ2Q
Tr (M †M) + Tr (q†q + q†q), Wmatter = Tr
(
mM − 1
2µx
M2
)
− 1
ΛQ
Tr (qMq), (8.3.3)
and it behaves correctly at large µx in SQCD vacua with fixed ΛQ and small m.
B) Consider now attempts to increase µx from µx ≪ Λ2 to µx ≫ Λ2 in the SU(N c) theory (8.1.3) by
itself.
It is worth to emphasize that this theory (8.1.3) as it is, with N c colors, NF > 2N c, µx ≪ Λ2 and, in
any case, 〈x〉 . m ≪ µx ≪ Λ2, is a well defined IR free theory at scales µ < Λ2/(several), but it is not
well defined by itself at larger scales µ > Λ2. The reason is that it is the effectively massless unbroken
N = 2 SQCD already at scales µx ≪ µ < Λ2, with the pure one-loop NSVZ β-function [14, 15] and
b2 = (2Nc − NF) < 0. And if nothing will happen when µ crosses Λ2, its gauge coupling g2(µ > Λ2) will
be negative, this is clearly unphysical (see also the text below (8.1.1) for more details). Therefore, as it
is, this theory (8.1.3) needs necessarily the appropriate UV completion at scales µ > Λ2 to be a definite
meaningful theory in this region. For this reason, if one plans to continue it from µx ≪ Λ2 to µx ≫ Λ2,
before doing this continuation one has to add first some appropriate UV completion at scales µ & Λ2 . As
the evident example, the theory (8.1) is the possible UV completion of (8.1.3) at µx > Λ2 (but together
with the whole Abelian U (1)(1)× U2Nc−NF−1(1) sector).
Following [18], the theory (8.1.3) was continued by itself in [12] from µx ≪ Λ2 into the region µx ≫ Λ2
and, moreover, the relation (8.1.4) between Λ˜ and Λ2 valid only at scales m ≪ µ ≪ µx ≪ Λ2 was used
in [12] also at µx ≫ Λ2. It was ignored that, before continuing (8.1.3) to µx ≫ Λ2, it certainly needs
the appropriate UV completion at scales µ > Λ2 to avoid g
2(µ > Λ2) < 0. And many its properties at
µx ≫ Λ2 (see below), in particular the value of the scale factor Λ′ of its gauge coupling, depend essentially
on properties of this UV-completion and can not be determined without specifying its details.
This qualitatively differs N = 1 theories from N = 2 ones as the non-trivial NSVZ β-functions
of (effectively) massless IR free N = 1 SQCD theories [14, 15] allow a smooth continuation without
the UV completion, see section 7 in [25]. E.g., the standard N = 1 SU(N c = NF − Nc) SQCD with
Nc + 1 < NF < 3Nc/2 flavors of light quarks can be smoothly continued from the weakly coupled region
at µ ≪ ΛQ to the strongly coupled one at µ ≫ ΛQ without the UV completion by extra fields at
µ & ΛQ, with its gauge coupling a(µ) = N cg
2(µ)/8pi2 > 0 at both sides µ ≷ ΛQ, and with a(µ ≫
ΛQ) ≈ (µ/ΛQ)(2NF−3Nc)/(NF−Nc) ≫ 1 . Or vice versa, nothing changes with the field content and the mass
spectrum of the effectively massless UV free SU(Nc) with Nc + 1 < NF < 3Nc/2 of light quarks, and
its gauge coupling a(µ) behaves smoothly at the transition from the weakly coupled region at µ ≫ ΛQ
to the strongly coupled one at µ ≪ ΛQ, with a(µ) > 0 at both sides µ ≷ ΛQ, and with a(µ ≪ ΛQ) =
Ncg
2(µ)/8pi2 ≈ (ΛQ/µ)(3Nc−2NF )/(NF−Nc) ≫ 1, see section 7 in [25]. But effectively massless IR free N = 2
SQCD theories with 〈x〉 . m ≪ µx ≪ Λ2, like (8.1.3), with the pure one loop β-functions [14, 15] do not
allow such smooth continuation from µx ≪ Λ2 to µx ≫ Λ2 and require necessarily the appropriate UV
completion at µ & Λ2.
Because this is an important point, we will dwell in short on some details. As a simplest example,
consider the theory (8.1) with m ≪ µx ≪ Λ2. The purpose is to continue it to µx ≫ Λ2 and to find the
30
scale factor ΛQ of the gauge coupling at scales µ≪ µpolex where the heavy adjoint field X decouples. This
can be done as follows (see e.g. [25, 5] about the use of this procedure for N = 1 SQCD with unequal
mass quarks).
1) The first step is to define the ”parent theory” at the very high scale µ =MPV (the Pauli-Villars scale).
For this, we start at some scale µo = (several)Λ2 from (8.1) with m→ 0, µx → 0. As it is, such theory is
the UV free unbroken N = 2 theory with the massless one-loop NSVZ β-function and 2Nc − NF > 0. It
is well defined at µ > µo. Therefore, when evolved to the very large scale µ = MPV its Lagrangian LPV
looks as it was at µ = µo with the only replacement of g
2(µo) = O(1) by g
2
PV = g
2(µ = MPV ) ≪ 1. And
the scale factor ΛPV of the gauge coupling gPV (µ = MPV /ΛPV ) is ΛPV = Λ2 in this simple case. It is
worth to remind that the RG evolution in the range µo < µ < MPV in this theory with m → 0, µx → 0
is independent of m and µx, so that g
2
PV = g
2(µ = MPV /ΛPV ) is also independent of m and µx. (Clearly,
LPV will evolve back to (8.1) when diminishing the scale from µ =MPV down to µo).
2) The second step is to continue in the matter superpotential of LPV the mass parameters µx and m from
µx → 0, m→ 0 to those values that we wish, e.g. 0 < m≪ Λ2, Λ2 ≪ µx ≪MPV .
We note that the adjoint field XadjSU(Nc), with higgsed 〈X
adj
SU(Nc)
〉 ∼ Λ2 at µx ≪ Λ2, becomes un-
higgsed in all vacua at µx > (several) Λ2. The reason is that it becomes too heavy and too short
ranged, while its physical (i.e. path dependent) SU(Nc) phases induced by interactions with effec-
tively massless gluons fluctuate then freely at all scales from the high energy down to at least µlowcut =
µpolex /(several) = g
2µx/(several). This results in the zero value of its mean value integrated from high
energies down to µlowcut : 〈XadjSU(Nc)〉µlowcut = 0. Therefore, e.g. at µx ≫ ΛQ, after it decouples as heavy
at µ < µpolex /(several), Λ2 ≪ ΛQ ∼ [Λ2Nc−NF2 µNcx ]1/(3Nc−NF) ≪ µpolex , it gives no contributions to particle
masses of the N = 1 SQCD Lagrangian written at the scale µ = µlowcut = µpolex /(several), and does not
affect the lower energy dynamics. As a result, all those fields which received masses ∼ Λ2 from higgsed
〈XadjSU(Nc)〉 ∼ Λ2 at µx ≪ Λ2 have lost now these contributions to their masses at µx > (several) Λ2. Their
real masses are determined now by the dynamics of the genuine N = 1 SQCD at scales µ < µlowcut (see e.g.
section 5 in [26], the field XadjSU(Nc) can be replaced by Φ
i
j at µx ≫ ΛQ). 8
3) At the last step, starting from LPV with Λ2 ≪ µx ≪ MPV , we diminish now the scale from µ = MPV
down to ΛQ ≪ µ < µpolex = g2(µ = µpolex )µx ≪ MPV , and the heavy field XadjSU(Nc) decouples. The
scale factor ΛQ of the lower energy N = 1 theory is determined from the matching at µ = µpolex of
couplings g(+)(µ/ΛPV ) at µ > µ
pole
x and g
(−)(µ/ΛQ) at µ < µ
pole
x . In the considered simple case this
results (in the leading-logs approximation, see section 11 in [2] or section 12 in [1] for more details)
in : Λ3Nc−NFQ ∼ Λ2Nc−NFPV µNcx = Λ2Nc−NF2 µNcx . It is clear that, before continuing from µx ≪ Λ2 to
Λ2 ≪ µx ≪ MPV , the definite value of ΛQ can not be determined without specifying first completely
the parent Lagrangian LPV in the UV region µ = MPV (to be able to calculate after the value of its
coupling g(+)(µpolex /ΛPV ) ).
But trying to apply this procedure to the theory (8.1.3) by itself, it is seen that even the first step
is impossible to perform without the appropriate UV completion at µ > Λ2. The reason is that already
at scales µx ≪ µ < Λ2 the theory (8.1.3) is the effectively massless unbroken N = 2 SQCD theory with
〈x〉 . m≪ µx ≪ Λ2 and with the one-loop NSVZ β-function. But 2N c−NF < 0 now, so that its coupling
g2(µ > Λ2) becomes negative, this is unphysical.
8 At the same time, e.g. the total SU(Nc) invariant mean value 〈Tr (
√
2XadjSU(Nc))
2〉 ≈ m n2m1 ≪ Λ22 in (8.1.1), integrated
by definition down to µlowestcut = 0, is holomorphic in µx and stays intact at µx ≶ Λ2. But, unlike e.g. 〈Tr (
√
2XadjSU(Nc))
2〉 ∼ Λ22
in L or Lt-vacua with the spontaneously broken Z2Nc−NF symmetry, as a result of the unbroken Z2Nc−NF symmetry in br2
and S-vacua, the small total mean values ≪ Λ22 in these vacua do not reflect the scale ∼ Λ2 even at µx ≪ Λ2, when
〈XadjSU(Nc)〉 ∼ Λ2 is higgsed and gives contributions ∼ Λ2 to corresponding particle masses.
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The original idea of [18] to derive Seiberg’s duality in N = 1 SQCD, with in particular Nc + 1 <
NF < 3Nc/2, was as follows. To take first the electric theory (8.1) with m→ 0 (i.e. considering m as an
inessential parameter) and µx ≪ Λ2. To consider its low energy form, to find its vacua and light particles
therein and to choose the appropriate vacua (the baryonic branch of (8.1) with the low energy SU(N c)
was chosen in [18], i.e. the br1 and SQCD vacua of (8.1.3) with all quark and gluino condensates flowing
to the origin and coalesce at m→ 0, see (8.1.8) and (8.2.2), so that all reasonings below concern equally
well the SU(N c) br1 and SQCD vacua in (8.1.3) ).
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And second, continuing then to µx ≫ ΛQ with fixed ΛQ (Λ3Nc−NFQ = Λ2Nc−NF2 µNcx , Λ2 ≪ ΛQ ≪ µx), to
obtain simultaneously the genuine N = 1 SQCD theory with Nc colors from the total Lagrangian (8.1),
and its Seiberg’s dual variant with N c colors from those in (8.1.3) with m→ 0, by itself. This idea looks
strange in any case as it ignores not only the known existence of many particles with masses ∼ Λ2 in the
parent theory (8.1) with µx ≪ Λ2 from which (8.1.3) originated at lower energies, but even the existence
of the lighter U (1) × U(1)2Nc−NF Abelian sector with its mass scale ∼ √µxΛ2 ≪ Λ2 (and which in its turn
also needs by itself the UV completion at µ > Λ2 before continuing from µx ≪ Λ2 to µx ≫ Λ2).
Even ignoring as in [18] all other heavier particles and taking (8.1.3) as it is, it was also ignored in
[18] that the chosen SU(N c) theory needs then the appropriate UV-completion at scales µ > Λ2 before
continuing from µx ≪ Λ2 to µx ≫ Λ2. And the explicit form of this UV completion is crucial for most
properties of the appropriately continued theory (8.1.3) at scales µ < ΛQ ≪ µx. The UV completion
has to satisfy a number of stringent conditions to have desired properties of Seiberg’s dual N = 1 SQCD
in the theory (8.1.3) with m → 0 continued to large µx : a) the numbers of colors N c and flavors NF
of (8.1.3) have to be preserved, b) there should appear N2F additional light mesons M
i
j with quantum
numbers of (QjQ
i) and the additional term ∼ Tr (QMQ) in the superpotential (with Q,Q considered as
magnetic quarks in [18]), and do not appear other unwanted light particles with masses mi < ΛQ. And,
as was described above, the form of Lagrangian should be as in (8.3.3). Besides, after the desired UV
completion is found, the scale factor Λ′ of this continued N = 1 ”dual” theory with N c colors has to be
determined and should be Λ′ ∼ Λq ∼ ΛQ (see the beginning of this section). At small m 6= 0 the value
of Λ′ is important for the mass spectrum of this continued theory and so for comparison with the mass
spectrum of the genuine N = 1 SU(Nc) SQCD with quarks Q,Q and with the scale factor ΛQ of the gauge
coupling, Λ3Nc−NFQ ∼ Λ2Nc−NF2 µNcx .
By the way, as was shown in [2, 1], if we are interested in the N = 1 SQCD vacua with the unbroken
U(NF ) flavor symmetry in the theory (8.1) at large µx ≫ ΛQ and fixed ΛQ, these can be reached not
simply at µx = (several)ΛQ, but only at µx > µx,o = ΛQ(ΛQ/m)
(2Nc−NF )/Nc ≫ ΛQ. But at m → 0 this
region with µx > µx,o is unreachable at all, i.e. the limits µx →∞ and m→ 0 do not commute in (8.1).
Besides, there are problems with the flavor symmetry and connected with it multiplicities of vacua
at small m 6= 0. To have unbroken U(NF ) at large µx in SQCD vacua of this ”dual” theory (8.1.3) and
naturally supposing that the desired UV completion preserves U(NF ), one has to proceed then as follows.
To start at m≪ µx ≪ Λ2 and small m 6= 0 in the theory (8.1.3) from its own SQCD vacua with unbroken
U(NF ) (see section 8.2), and to continue then µx ≫ ΛQ. But one of the problems with these SQCD vacua
of (8.1.3) is that they have the multiplicity N c = NF −Nc inappropriate for the vacua with the multiplicity
Nc of the genuine N = 1 SQCD with Nc colors (see section 8.2 for more details).
And finally, supposing that this highly non-trivial appropriate for the Seiberg’s duality UV completion
at scales µ > Λ2 for the theory (8.1.3) by itself can be found (this is not evident at all because the re-
quirements on it are very stringent), the physical question will remain about the origin of additional fields
which enter this UV completion and turn on at µ > Λ2. Besides, if this theory (8.1.3) by itself allows also
9 Really, these reasonings concern also all other non-baryonic vacua of (8.1) with n1 < NF /2 as their lower energy IR
free theories with SU(n1) colors and NF > 2n1 flavors also require, by itself, the UV completions at µ > Λ2.
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other UV completions, the question will arise then why they can not be used.
Now, in short about the recent paper [12] of M.Shifman and A.Yung. To ”improve” their previous
results in [11], the authors proceeded in this their subsequent paper as follows.
a) For vacua with the unbroken non-trivial Z2Nc−NF≥2 symmetry, replaced by hand in their U(N c)
analog of (8.1.3) the light electric quarks Qi in their previous paper [11] by light dyons, Qi → Di. And
replaced all other light electric fields in (8.1.3) by dyonic ones with nonzero magnetic charges, implying
this time that all charged pure electric SU(N c) fields in (8.1) acquired really large masses ∼ Λ2 and
disappeared from the lower energy Lagrangian (8.1.3), while the whole light dyonic theory (8.1.3),(8.1.5)
appeared instead. Besides, these dyons in (8.1.5) with Qi → Di where claimed arbitrarily to belong the
antifundamental representation ”NF” of SU(NF )L (unlike Q
i belonging to the fundamental representation
NF ).
This replacement of the electric SU(N c) by the dyonic one has been made following assumed analogy
with their previous result in [21] for the U(Nc = 3), NF = 5, n1 = 2 theory. The properties of this example
were freely extrapolated then in [12] to all very special and br2 vacua (these are respectively r = Nc
and zero vacua in [12]). Unfortunately, it was overlooked that the example from [21] is not typical but
exceptional because 2Nc − NF = 1 in this example, so that the discrete Z2Nc−NF=1 symmetry becomes
trivial in this case and gives no restrictions on the form of 〈XadjSU(Nc)〉. While in all cases with the non-trivial
unbroken Z2Nc−NF≥2 symmetry it forbids the appearance of the quark mass terms like ∼ Λ2(QQ) in the
SU(N c) sector of the superpotential at the scale µ ∼ Λ2 . And it does not matter whether such terms
originated from higgsed 〈XadjSU(Nc)〉 ∼ Λ2 or from unrecognized ”outside” (see Introduction and section 6 in
[20] for additional critical remarks and discussions of this point).
This dyonic theory (8.1.5) was ”continued” then in [12] to µx ≫ ΛQ ≫ Λ2 ignoring the need for the
UV completion, and this is a principled drawback.
Moreover, the expression (8.1.4), Λ˜ ∼ Λ2(Λ2/µx)
NF−Nc
3Nc−2NF , for the scale factor Λ˜ of the SU(N c) gauge
coupling valid only at scales m ≪ µ < µx ≪ Λ2 where Λ˜ ≫ Λ2 was used also at µx ≫ ΛQ where
Λ˜ ≪ Λ2, with all consequences following from this erroneous continuation. As was explained above in
the text, such a naive continuation is not right because the properties of the theory (8.1.3) with µx ≪ Λ2
continued to µx ≫ ΛQ, and in particular the concrete value of the gauge coupling scale factor Λ′, can
not be determined without the explicit form of the necessary UV completion. For instance, with the
theory (8.1) used for the UV completion, the scale factor of the gauge coupling at µx ≫ Λ2 will be
ΛQ ∼ (Λ2Nc−NF2 µNcx )1/(3Nc−NF ) ≫ Λ2 ≫ Λ˜.
b) Simply replaced by hand at µx ≫ ΛQ the (dyonic) Lagrangian (8.1.5), valid as it is at m ≪ µ <
µx ≪ Λ2 only, by their (8.3.2) (with chosen arbitrarily κ2 ∼ µxm) introducing in such a way desirable
N2F light Seiberg’s mesons M
i
j . It was claimed that these mesons have to originate from the Abelian
U2Nc−NF (1) sector continued to µx ≫ ΛQ because they are needed in Seiberg’s dual N = 1 SU(N c)
theory. This form (8.3.2) was criticized above in this section, but in any case, the approach with using
the known properties of Seiberg’s dual Lagrangian in attempts, similarly to [18], to derive its field content
and its form at µx ≫ ΛQ from (8.1.5) (even with added Abelian sector), looks very strange.
On the whole, our results in this section 8 on properties of direct theories and their Seiberg’s dual
differ essentially from both those in [11] and [12] and we presented above our criticism concerning these
two papers (see also [20] for a number of additional details and critical remarks).
33
9 Conclusions
This paper continues [1] by studying the direct N = 1 SU(Nc) SQCD-like theories and their Seiberg’s
dual, with various numbers NF of quark flavors and with N
2
F additional colorless but flavored fields Φ
j
i .
Unlike [1], where only the region 1 < NF < 2Nc was considered, we calculated here the mass spectra of
the direct and dual theories in the region 2Nc < NF < 3Nc .
The calculations in this article were performed within the dynamical scenario introduced in [5]. This
scenario assumes that, when such N = 1 SQCD-like theories with mQ 6= 0 are in the strong coupling
regime a(µ) & 1, the quarks can be in the two standard phases only. - These are either the HQ (heavy
quark) phase where they are confined or the Higgs phase where they are condensed with (some components
of) 〈Q〉 = 〈Q〉 6= 0. The word standard also implies here that, unlike e.g. the very special N = 2 SQCD
theories with colored adjoint scalar fields, no ”unexpected” additional (i.e. in addition to the standard
Nambu-Goldstone particles due to the spontaneous breaking of the global flavor symmetry) parametrically
lighter particles like magnetic monopoles or dyons appear in these N = 1 SQCD-like theories without
colored adjoint scalars (see also the footnote 2).
The calculations of the mass spectra are based on finding first the quark and gluino condensates
in various vacua. This was done for NF > 2Nc in section 2, where the multiplicities of various vacua
with the unbroken or spontaneously broken flavor symmetry were also found. It is worth noting that
the explicit expressions for the total number and multiplicities of various vacua in the three regions:
1 < NF < Nc, Nc < NF < 2Nc, and NF > 2Nc are different and are not analytic continuations of each
other, see [1] and section 2. And the hierarchies among the quark condensates are also different.
The mass spectra of the direct theories and their Seiberg’s dual at 2Nc < NF < 3Nc , µΦ ≫ ΛQ,
were calculated in various vacua and compared with each other in sections 3-6. These mass spectra are
parametrically different, in general, in direct and dual theories.
We calculated also in section 7 the mass spectra of the weakly coupled dual theory with N c = NF −Nc
colors and Nc < NF < 3Nc/2 flavors. Besides of interest by itself, the results were useful for the next
section 8.
In this last section 8, N = 2 SU(Nc) SQCD (8.1) with Nc colors and Nc + 1 < NF < 3Nc/2 flavors of
original direct (electric) quarks Qi was considered. The scale factor of the SU(Nc) gauge coupling is Λ2
and the quark mass term in the superpotential is mTr(QQ). N = 2 is broken down to N = 1 by the mass
term µxTr(X
2) of the adjoint scalar field X , m≪ µx ≪ Λ2 .
The spectra of masses smaller than µx were calculated in vacua with the unbroken non-trivial Z2Nc−NF≥2
discrete R-symmetry and with the unbroken or spontaneously broken U(NF ) → U(n1) × U(n2) flavor
symmetry. This theory was considered previously in [18] (for the case m = 0) and [19], and later by
M.Shifman and A.Yung in the large series of papers, see e.g. recent papers [11, 12] and references therein.
We calculated in section 8.1, in vacua with the unbroken non-trivial discrete symmetry Z2Nc−NF≥2 and
spontaneously broken flavor symmetry U(NF ) → U(n1) × U(n2), the spectra of masses smaller than µx
in the lower energy SU(N c) theory (8.1.3) with N c = NF − Nc colors and NF flavors of light quarks
Qi, Qj. These SU(N c) quarks are a subset of original direct (electric) SU(Nc) quarks Q
i, Qj which
have not received large masses ∼ Λ2 due to higgsing 〈XadjSU(Nc)〉 ∼ Λ2 of the adjoint scalar X
adj
SU(Nc)
, with
SU(Nc) → SU(N c) × U(1)2Nc−NF , and remained light, i.e. with masses ≪ Λ2 (as well as the SU(N c)
gluons and adjoint scalars xadj
SU(Nc)
), while all other charged electric particles acquired large masses ∼ Λ2.
The mass spectra in these vacua were calculated also in two variants of Seiberg’s dual theories. The
first variant was the literal Seiberg’s dual to (8.1.3),(8.1.5) strongly coupled theory (8.1.10),(8.1.14) with
Nc = NF −N c colors and NF flavors of quarks qi (dual to Qi). It was shown that the spectrum of masses
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smaller than µx in the direct theory (8.1.3) with the quarks Q and in the dual one (8.1.10) with the quarks
q are parametrically different (see also [26] for more details).
The second variant was the strongly coupled direct theory (8.1.18) with Nc colors and NF flavors of
original direct quarks Q and its weakly coupled Seiberg’s dual theory (8.1.19), (8.1.20) with N c colors
and NF flavors of quarks q (dual to Q), and with especially chosen values of parameters mQ, µΦ and ΛQ
(8.1.24). It was shown that, with this choice (8.1.24), the spectra of masses smaller than µx are the same:
i) in the pair of weakly coupled theories with N c colors, i.e. in the theory (8.1.3) with direct quarks Q, Q
and in (8.1.20) with dual quarks q, q ; ii) in the pair of strongly coupled theories with Nc colors, i.e. in
the theory (8.1.18) with direct quarks Q, Q and in (8.1.10) with dual quarks q, q (but the mass spectra
in the strongly coupled pair of theories are different from those in the weakly coupled pair ). The same
equalities of mass spectra of these pairs of theories were shown in section 8.2 for vacua with the unbroken
U(NF ) and Z2Nc−NF≥2 symmetries (see [26] for more details).
We emphasized also that, in spite of equalities of mass spectra in each pair of theories, their quarks
are not the same particles, i.e. Q 6= q and Q 6= q, as they behave differently under SU(NF )L flavor
transformations, resulting in different values of the SU3(NF )L ’t Hooft triangles. As a result, with the
choice of parameters as in (8.1.24):
1) the pair of weakly coupled theories with N c colors, e.g. (8.1.3),(8.1.20), have the same spectra of mass
smaller than µx but different SU
3(NF )L triangles (and the same for the pair (8.1.10),(8.1.18) of strongly
coupled theories with Nc colors) ;
2) the dual pair with different number of colors, e.g. (8.1.5) with N c colors and (8.1.10) with Nc colors,
have the same SU 3(NF )L triangles (but only in the specially chosen intervals of scales, see section (8.1) ),
but different spectra of mass smaller than µx (and the same for the dual pair (8.1.18),(8.1.23) ) .
On the whole, our results in the last section 8 of this paper on properties of direct theories and their
Seiberg’s dual differ essentially from those obtained by M.Shifman and A.Yung in [11, 12]. In particular,
we presented in section 8.3 a number of critical remarks about the form of Seiberg’s dual theory used in
[11, 12] and about the approach used in [12] to describe the transition of the IR free SU(NF −Nc) theory
with Nc + 1 < NF < 3Nc/2 light quark flavors from µx ≪ Λ2 to µx ≫ Λ2. (See also [20] for additional
critical remarks and detailed explanations ).
A Anomalous dimensions in the strong coupling regime
The purpose of this appendix is to find the anomalous dimensions of quarks and colorless but flavored
fields Φji in the theory (8.1.18) (or M
i
j in (8.1.10) ) in the strong coupling regime in the range of scales
where they are dynamically relevant, i.e. their running masses at the scale µ are smaller than µ. To be
specific, we consider below the theory (8.1.18) with parameters (8.1.24), mQ ≪ Λ˜ ≪ µΦ, but the results
for anomalous dimensions are general and valid also for (8.1.10).
Note first that there is the first generation of all N2F fions Φ
j
i with masses µ
pole
1 (Φ) ∼ µΦ ≫ Λ˜. As
shown in [2, 1], the anomalous dimension γ
(+)
Φ of fions in the range of scales µ
str
o < µ < Λ˜ where they are
still heavy and dynamically irrelevant is: γ
(+)
Φ = − 2γ(+)Q .
Besides, there is also the second generation of all N2F fions with masses, see (8.1.4),(8.1.24),
µpole2 (Φ) ∼ µstro ∼ Λ˜
( Λ˜
µΦ
) 1
2γ
(+)
Q
−1 = Λ˜
( Λ˜
µΦ
) Nc
5Nc−3NF ∼ Λ2
(Λ2
µx
) Nc
5Nc−3NF , Λ2 ≪ µstro ≪ Λ˜, µΦ = −µx , (A.1)
35
and all N2F ”heavy” fions become effectively massless and dynamically relevant in the direct theory (8.1.18)
at µ < µstro .
a) Now, as for the anomalous dimensions of strongly coupled quarks in the direct theory (8.1.18), i.e.
γ
(+)
Q in the range µ
str
o < µ < Λ˜ where the fions are still irrelevant and γ˜
(+)
Q at m
pole
Q,1 < µ < µ
str
o where the
fions became relevant. We use first the approach [25] (see section 7). For this, we have to introduce the
dual theory which has the same ’t Hooft triangles (in a given range of scales) as the direct theory (8.1.18).
In the range µstro ≪ µ≪ Λ˜ this dual theory can be taken as (8.1.20). The effectively massless particles
in this range of scales in the direct theory (8.1.18) are all quarks and gluons, while in the dual one (8.1.20)
these are the dual quarks and gluons and mions M ij . As shown in [3], all ’t Hooft triangles will be the
same in these two theories.
Now, in the approach [25], we equate two NSVZ β̂ext - functions of the external baryon and SU(NF )L
- flavor vector fields in the direct and dual theories,
d
d lnµ
2pi
αext
= β̂ext = − 2pi
α2ext
βext =
∑
i
Ti
(
1 + γi
)
, (A.2)
where the sum runs over all fields which are effectively massless at scales considered, the unity in the
brackets is due to one-loop contributions while the anomalous dimensions γi of fields represent all higher-
loop effects, Ti are the coefficients. It is worth noting that these general NSVZ forms (A.2) of the external
”flavored” β̂-functions are independent of the kind of massless perturbative regime of the internal gauge
theory, i.e. whether it is conformal, or the strong coupling or the IR free one.
For the baryon charge (A.2) looks as
NFNc
(
BQ = 1
)2
(1 + γ
(+)
Q ) = NFN c
(
Bq =
Nc
N c
)2
(1 + γq) . (A.3)
In (A.3): the left-hand side is from the direct theory while the right-hand side is from the dual one.
The dual theory (8.1.23) is in the IR free logarithmic regime at µ ≪ Λ˜ with the dual coupling a(µ) ≪ 1
and γq ∼ a→ 0. Then from (A.3), see section 7 in [25]
γ
(+)
Q =
2Nc −NF
NF −Nc ,
d a(µ≪ Λ˜)
d logµ
= βNSV Z(a) =
a2(µ)
a(µ)− 1
bo −NFγ(+)Q
Nc
a(µ)≫1−−−−→ − ν(+) a(µ), (A.4)
a(µstro ≪ µ≪ Λ˜) ∼ (Λ˜/µ)ν
(+) ≫ 1, ν(+) = 3Nc − 2NF
NF −Nc > 0, bo = 3Nc −NF .
For the flavor charge (A.2) looks as
Nc(1 + γ
(+)
Q ) = N c(1 + γq) +NF (1 + γM) . (A.5)
Both γq and γM are logarithmically small at µ ≪ Λ˜ and (A.5) is incompatible with (A.4) (and with the
NSVZ β-function, see section 7 in [25]). Therefore, we will not use (A.2) for the flavor charge (here and
below).
b) Now, for the range mpoleQ,1 ≪ µ≪ µstro where the fions in (8.1.18) became relevant in the strong cou-
pling regime a(µ)≫ 1, the dual theory with the same ’t Hooft triangles as in (8.1.18) (now with effectively
massless fions Φ) can be taken as (8.1.20) but without the mion fields M ij (i.e. only massless dual quarks
q j, qi and SU(N c) dual gluons). But because the baryon charge of fions Φ
j
i in the theory (8.1.18) is zero,
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(A.3) and (A.4) remain the same, i.e. the anomalous dimension γ˜
(+)
Q of quarks Q,Q remains the same
after fions became relevant, γ˜
(+)
Q = γ
(+)
Q = (2Nc −NF )/N c.
c) Because (A.2) for the flavor charge is not fulfilled, the above method does not allow to find the
anomalous dimension γ˜
(+)
Φ at µ < µ
str
o where the fions become effectively massless and dynamically relevant.
Therefore, on the example of the strongly coupled theory (8.1.18), we present now independent way to
connect the anomalous dimensions of quarks and Φ, γ˜
(+)
Q and γ˜
(+)
Φ , at those scales where Φ became
relevant, i.e. at µ < µstro . It follows from the internal self consistency when the quarks Q1, Q
1 decouple as
heavy ones at scales µ < mpoleQ,1 in the theory (8.1.18), while all N
2
F fions Φ
j
i still remain effectively massless
in the large range of scales µpole3 (Φ
1
1) < µ < µ
str
o , µ
pole
3 (Φ
1
1)≪ mpoleQ,1 ≪ µstro (the spectrum of masses smaller
than µx is the same in (8.1.18) and in (8.1.10), see [26] ).
The Lagrangian of the direct theory (8.1.18), which is in the HQ (heavy quark) phase in br2 vacua,
with mpoleQ,1 ≫ mpoleQ,2 ) has the form at the scale µ = mpoleQ,1 ≪ µx ≪ Λ2
K = KΦ +KQ = z
(+)
Φ Tr (Φ
†Φ) + z
(+)
Q Tr (Q
†Q+Q→ Q) = Tr (δΦR†δΦR) + Tr (QR†QR +QR → QR),
z
(+)
Q = z
(+)
Q (Λ˜, m
pole
Q,1 ) = z
(+)
Q (Λ˜, µ
str
o ) z˜
(+)
Q (µ
str
o , m
pole
Q,1 ) =
(µstro
Λ˜
)γ(+)
Q
(mpoleQ,1
µstro
)γ˜ (+)
Q
,
z
(+)
Φ = z
(+)
Φ (Λ˜, m
pole
Q,1 ) = z
(+)
Φ (Λ˜, µ
str
o ) z˜
(+)
Φ (µ
str
o , m
pole
Q,1 ) =
( Λ˜
µstro
)2γ(+)
Q
(mpoleQ,1
µstro
)γ˜ (+)Φ
, (A.6)
mpoleQ,1 =
〈mtotQ,1〉
z
(+)
Q (Λ˜, m
pole
Q,1 )
, 〈mtotQ,1〉 =
〈(QQ)2〉
µΦ
∼ mQ , mtotQ = mQ − Φ = 〈mtotQ 〉 − δΦ , 〈δΦ〉 = 0 , (A.7)
where ΦR and QR are the canonically normalized fields and δΦR is a pure quantum fluctuation,
Wmatter =WΦ + Tr (QmtotQ Q) , (A.8)
WΦ is given in (8.1.18), see [26] for details.
At µ < mpoleQ,1 all quarks Q1, Q
1 decouple and can be integrated out as heavy ones. As a result, there
will appear a series of higher dimension operators in D-terms of Φ, e.g.
On ∼ a(1)f δΦR†δΦR
[
a
(1)
f
δΦR
†δΦR(
mpoleQ,1
)2
]n
, a
(1)
f =
af (µ = Λ˜) = 1
z
(+)
Φ (z
(+)
Q )
2
, (A.9)
where a
(1)
f = af (µ = m
pole
Q,1 ) is the Yukawa coupling at the scale µ = m
pole
Q,1 . These terms originate from
the expansion in powers of δΦR of the heavy quark loop integrated over the non-parametric interval of
momenta p ∼ mpoleQ,1 , 10
∆Φ ∼
∫
d4p [ p2 +M †M ]−1 , M = mpoleQ,1
(
1− δΦR
z
(+)
Q
√
z
(+)
Φ m
pole
Q,1
)
, 〈M〉 = mpoleQ,1 . (A.10)
10 Because quarks Q1, Q
1 are weakly confined, they form a set of colorless hadrons with the characteristic scale of hadron
masses Mhadr ∼ mpoleQ,1 . Therefore, gluons with momenta . mpoleQ,1 effectively decouple from these quarks, and for this reason
gluons are absent in (A.10). On the other hand, there are no reasons to decouple for the colorless fions Φji .
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When propagating in the loop with the momentum ”k”, the canonical fields δΦR ∼ k. Therefore, in
order that heavy quarks Q1, Q
1 really completely decouple as it should be, the contributions from On in
(A.9) have to be small at momenta k < mpoleQ,1 in comparison with the canonical Kahler term δΦR
†δΦR.
Then, because the expansion (A.9) of (A.10) breaks down at larger momenta > mpoleQ,1 (in any case, the
running quark mass diminishes very quickly with increasing momentum), all terms On/[δΦR
†δΦR] will
be O(1) at the momenta ∼ mpoleQ,1 . For this, it should be parametrically a(1)f ∼ 1/[z(+)Φ (z(+)Q )2] ∼ 1, see
(A.6),(A.7),(A.9),
a
(1)
f = O(1) → z(+)Φ
(
z
(+)
Q
)2
= z
(+)
Φ (µ
str
o , m
pole
Q,1 )
(
z
(+)
Q (µ
str
o , m
pole
Q,1 )
)2
∼ 1 → γ˜ (+)Φ = −2 γ˜ (+)Q . (A.11)
(A.11) ensures then that corrections from On will be small at momenta k < m
pole
Q,1 , so that quarks Q1, Q
1
really decouple completely.
Therefore, γΦ = −2γQ not only at µstro < µ < Λ˜ where the fions Φji were irrelevant, but also γ˜Φ = −2 γ˜Q
at lower scales µ < µstro where they became relevant.
d) And finally, we present also independent reasonings leading to the same results. First, we point out
that the gauge coupling a(µ≪ Λ˜)≫ 1 entered already into a strong coupling regime, while γ(+)Φ = −2γ(+)Q
at µstro < µ < Λ˜ where the fions are still irrelevant [25]. Therefore, the gauge and Yukawa couplings look
at µ = µstro ≪ Λ˜ as, see (A.4),
a(µ = µstro ) = (Λ˜/µ
str
o )
ν(+)> 0 ≫ 1, af (µ = µstro ) =
af (µ = Λ˜) = 1
z
(+)
Φ (Λ˜, µ
str
o )[ z
(+)
Q (Λ˜, µ
str
o ) ]
2
∼ 1 . (A.12)
Consider now the Feynman diagrams in the strongly coupled direct theory (8.1.18) contributing to
the renormalization factors zΦ(µ) and zQ(µ) at m
pole
Q,1 ≪ µ ≪ µstro where both the quarks and fions Φ are
effectively massless. Order by order in the perturbation theory the extra loop with the exchange of the
field Φ is af(µ
str
o )/a(µ
str
o ) ∼ (µstro /Λ˜)ν(+)> 0 ≪ 1 times smaller than the extra loop but with the exchange
of gluon.
In all cases with a resummation of perturbative series, a standard assumption is that the leading con-
tribution to the sum originates from summation of leading terms at each order. With this assumption, we
can neglect all exchanges of Φ in comparison with those of gluons, order by order. Therefore, the fact that
the fields Φji became relevant at µ < µ
str
o is really of no importance for the RG-evolution, so that both γ˜
(+)
Q
and γ˜
(+)
Φ remain the same at m
pole
Q,1 ≪ µ≪ µstro as they were at µstro ≪ µ≪ Λ˜ when fions were irrelevant:
γ˜
(+)
Q = γ
(+)
Q , γ˜
(+)
Φ = γ
(+)
Φ = −2 γ(+)Q (i.e. the Yukawa coupling af(µ) still stays intact at af(µ) ∼ 1 also
at mpoleQ,1 ≪ µ≪ µstro , as it was at µstro ≪ µ ≪ Λ˜). The equality γ˜ (+)Q = γ(+)Q agrees with ”b” above, while
γ˜
(+)
Φ = −2 γ˜ (+)Q agrees with ”c” above.
It is also worth to remind that, once the fions Φji become effectively massless and dynamically relevant
with respect to internal interactions, they simultaneously begin to contribute to the ’t Hooft triangles.
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